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To my family,
It is, indeed, an incredible fact that what the human mind,
at its deepest and most profound,
perceives as beautiful finds its realization in external nature.
Subrahmanyan Chandrasekhar [1]

Abstract
This thesis is dedicated to the study of theories of massive gravity. The formu-
lation of higher spin gauge field theories, along with a Chern-Simons (CS) like
term for fields of higher spins is presented. Through this setup, general features of
theories describing massless/massive fields of higher spin in arbitrary dimensions
is discussed.
In 2+1 dimensions, the existence of multiple mass-generating mechanisms i.e.
metric-based masses and topological masses, offers the possibility for gauge bosons
to acquire mixed masses. This scenario is first introduced in a theory of pho-
tons where both Proca mass term and CS mass term is simultaneously present.
The mass-mixing which occurs in this theory is further analysed through the
Stu¨ckelberg formalism. Motivated by these results, a theory of massive gravity
where gravitons obtain masses from both Fierz-Pauli mass term and CS mass
term is studied. This theory allows for 3 propagating massive graviton modes,
and their masses have undergone considerable mixing. This mass-mixing is made
explicit through a Stu¨ckelberg analysis.
The bimetric theory of gravity is a non-trivial generalization of the theory of
General Relativity. This theory provides a consistent non-linear theory of massive
gravity which is studied in detail. In this thesis, the bimetric theory of gravity
is extended in 2+1 dimensiosn to the theory of Topologically Massive Bimetric
Gravity (TMBG). In the theory of TMBG, the mass-mixing which arises from the
interaction of the two metrics and their corresponding CS terms occurs at the non-
linear stage itself. For the version of TMBG studied in this thesis, the linearized
theory shows that there are 3 massive graviton modes, which corresponds to the
same 3 modes found earlier. Finally, quantum loop corrections to the graviton
propagator from massive photons (which acquire mass from both CS and Proca
mechanism) is calculated.
v
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Preface
Gravitational interactions, omnipresent as they are, really require no introduc-
tion. Their theoretical description, however, necessitates the following comments.
The theory of General Relativity, as proposed by Einstein in 1916, provides the
current standard and well-tested description of gravitational phenomena. The
present thesis is dedicated to the theoretical-study of a sub-class of theories which
are collectively referred to by the name massive gravity. Theories of massive grav-
ity are naturally branched under a class of theories known as modified gravity.
As the name suggests, Einstein’s description of gravitation is modified in these
theories which has its own motivations, advantages as well as disadvantages.
Regarding the present thesis, it is primarily noted that the title of this thesis,
“Theories of Massive Gravity in 2+1 Dimensions”, is a juxtaposition of sorts. On
the one hand this thesis pertains to Lorentz invariant theories of massive gravity;
theories in which the field that is responsible for gravitational interactions (i.e.
the gravitational field) has a non-zero mass. In recent years, perturbations in this
gravitational field or gravitational waves have been directly observed [2]. These
observations place an extremely strong constraint on the mass of the gravitational
field [3]:
mg ≤ 7.7× 10−23 eVc2 ≈ 10−58 kg
Foregoing this enormous constraint, on the other hand many of the theoreti-
cal studies undertaken in this thesis (although done for spacetimes of arbitrary
dimensions) have been specialized for a spacetime of 2+1 dimensions i.e. two di-
mensions of space and one dimension of time. Ubiquitous experience of everyday
life suggests that the world we dwell in, is 3+1 dimensional with three dimensions
of space and one dimension of time.
Therein lies the aforementioned juxtaposition. Clearly, there is a need to
strongly motivate a study in which two overbearing facts, if only for a moment,
are boldly ignored. After providing a brief overview of the General Theory of Rel-
ativity in chapter 1, the reasons for studying massive gravity will be elucidated
in section 1.3. Studying these theories in 2+1 dimensions has its own sincere
ix
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intrinsic motivations which will be discussed in section 1.4.
In order to provide a logically coherent connection between seemingly disparate
ideas within different chapters, all chapters begin with a section which is dedi-
cated to providing a contextually relevant perspective. The rest of the thesis is
organized in the following manner:
1. Notations and Conventions
Notations and conventions utilized throughout this document are listed for
later convenience.
2. Chapter 1: Introduction
A brief perspective on the theory of General Relativity is provided. Ex-
perimental and theoretical observations which motivates the modifications
of the standard theory of gravity are then presented. A case is made for
studying the theories of massive gravity and, that too, in 2+1 dimensions.
3. Chapter 2: Higher Spin Gauge Field Theory
The formulation and setup of higher spin gauge field theories is presented.
Studying the irreducible representations of the Poincare´ group in 2+1 di-
mensions leads to the realization of some important distinctions between
physics in 2+1 and 3+1 dimensions. Fronsdal formulation and a Chern-
Simons like term for fields of higher spins is presented in detail. This for-
mulation will be used in later studies.
4. Chapter 3: Fields of Spin-1
This chapter serves an introductory setup for gaining an understanding into
the physics of massless and massive spin-1 fields. The mass-mixing occur-
ring for photons which gain mass from multiple mechanisms is presented
and it is further analysed through the Stu¨ckelberg formulation.
5. Chapter 4: Fields of Spin-2
From the lessons gained from previous chapters, theories of massless and
massive spin-2 fields are presented. The problems prevalent in linear mas-
sive gravity or the Fierz-Pauli theory are detailed. A theory of massive
gravity where gravitons acquire masses through multiple mechanisms is
possible in 2+1 dimensions. Giving a broad overview into the Stu¨ckelberg
formulation, this analysis is used to understand how the different degrees
of freedom excited by the two mechanisms lead to physically propagating
massive graviton modes.
6. Chapter 5: Topologically Massive Bimetric Gravity
The bimetric theory of gravity is studied in detail. This theory is extended
to develop the theory of topologically massive bimetric gravity. This exten-
sions allows for the mass-mixing to occur at the non-linear stage. Linear
xi
perturbations which develop into propagating massive graviton modes are
calculated.
7. Chapter 6: Quantum Loop Corrections
Quantum corrections to the graviton propagator coming from minimally
coupled multiply-massive photons is calculated.
8. Chapter 7: Discussion and Outlook
The work done in this thesis is summarized and directions for future work
is discussed.

Notations and Conventions
A comprehensive list of notations and conventions frequently employed in this
thesis are listed here:
1. Often, the number of dimensions d of the spacetime manifold, will be kept
arbitrary. In certain explicit calculations, d will be set to 3 and the reader
will be made aware of this change (unless explicit from context).
2. The metric signature associated with flat minkowski metric ηµν and general
metric gµν is mostly minus, i.e.
ηµν = diag (+,−,−)
Due to this choice, the Levi-Civita symbol satisfies: 012 = 
012 = +1
3. As is standard in high energy physics, the system of natural units will be
used throughout this thesis. This means setting,
~ = c = 1
where, ~ is the reduced Planck’s constant and c is the speed of light. These
units imply that the reduced Planck mass, Mpl is given by:
M2pl =
1
8piG
where G stands for Newton’s gravitational constant. Note that this defini-
tion remains the same for both 2+1 and 3+1 dimensional physics.
4. For a rank two tensor φµν
1 the following conventions are used:
Trace : φ′ = φµν ηµν
1The choice of constant 12 in the expression for trace reversal is related to the relation
between the trace of φ and φ, as well as, dimension d of manifold. In the present work, it is
fixed to 12 for two reasons: (a) simplicity in computations, and (b) in keeping with standard
literature[4]. This implies for d = 3 : φ¯′ = − 12φ′.
xiii
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Trace Reversal : φ¯ = φµν − 1
2
ηµν φ
′
Symmetrization : φ(µν) =
1
2
(
φµν + φνµ
)
Note: These definitions will be properly extended when dealing with tensors
of higher rank in chapter 2 on Higher Spin Field Theory.
5. The following notation is used:
 = ∂µ∂µ ∂µφµν = ∂ · φν
6. When dealing with perturbations, objects with a bar such as gµν or ∇
denote objects that are defined with respect to the background metric2.
7. Conventions for geometric quantities such as curvature tensor, covariant
derivatives etc are those of Carroll[4]. Also, Einstein summation convention
is always in force.
8. In chapter 5, the bimetric theory of gravitation will be introduced. In this
theory a second independent metric fµν is present and it is, then, important
to distinguish between geometrical quantities defined for each metric gµν
and fµν separately. A tilde ‘˜’, is called upon for such a service:
Ricci Scalar for gµν : R
Ricci Scalar for fµν : R˜
9. An important class of solutions in bimetric theory are derived from the
Proportional Background Ansatz. The constant of proportionality used in
this ansatz is denoted by ρ,3
fµν = ρ
2 gµν
10. For any field of spin-s φµ1µ2...µs , in general, there will be two kinds of masses:
• mφ denotes conventional mass of field φµ1µ2...µs (also called Stu¨ckelberg
mass or Proca mass for spin-1 or Fierz-Pauli mass for spin-2 etc)
• µφ denotes topological mass of field φµ1µ2...µs coming from a Chern-
Simons term in the Lagrangian.
11. Finally, a note on labelling of fields. Whenever a theory will be derived for
a particular value of spin-s from the Fronsdal formulation of higher-spin
gauge field theory, which is presented in chapter 2, then a generic Greek
letter such as φ or ψ will be used to denote this field. The spin of the field
in question should be clear from the number of indices on the tensor.
2Since trace-reversals and perturbations will not appear simultaneously in this document,
the meaning of an object with a bar on top will be clear from context.
3Although, standard literature on bimetric theory usually employs c for this job, this trend
is not followed here since c is canonically reserved for the speed of light.
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Chapter 1
Introduction
“The measure in which science
falls short of art is the measure in
which it is incomplete as science.”
J. W. N. Sullivan[1]
1.1 Perspective: Theory of General Relativity
Eintstein’s theory of General Relativity (GR) along with the Standard Model
(SM) of particle physics provides a well established frame-work upon which mod-
ern fundamental physics firmly stands. Together these theories build up a con-
crete and venerable picture of nature. On one side, SM deals with questions
regarding the fundamental building blocks of nature and provides a unified frame-
work describing three of the four known fundamental interactions viz strong in-
teractions, weak interactions and electro-magnetic interactions. On the other
side, GR exclusively deals with gravitational interactions. Amongst a multitude
of ways in which these two descriptions differ from each other, arguably, there
are some common aspects: (a) symmetries play a central role in each description
(gauge symmetry associated with Lie groups for SM and general coordinate in-
variance or diffeomorphism for GR), (b) both are field-theoretic descriptions, (c)
both feature boson mediated interactions1, and (d) both are very well vindicated
by experimental evidence.
1Bosons are fields with integer spins. Fields are characterized by their mass and spin; this
arises naturally through Wigner’s classification of irreducible representation. These ideas will
be briefly reviewed for the case of 2+1 dimensions in section 2.2.
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GR has to its credit a unique and intuitive geometrical interpretation, which has
invited many to claim it as the “most beautiful of all existing physical theories”[1].
Einstein’s field equations describe an interplay between matter and geometry2.
To its success, GR reproduces Newton’s universal law of gravitation in the weak-
gravity limit, predicts the perihelion shift of Mercury, bending of light by massive
objects, gravitational lensing, gravitational time dilation, gravitational waves,
black holes, among many others. After more than a 100 years of its proposal, GR
firmly withstands tests within the solar-system to a high precision3.
The field equations of GR which are known as Einstein’s field equations, are
equations of motion for the gravitational field or the metric tensor gµν describ-
ing the coupling between sources of the gravitational field (stress-energy tensor
Tµν) and the field gµν itself. These equations can be succinctly derived from
the Einstein-Hilbert action which will be detailed in section 4.1. The famous
equations are:
Rµν − 1
2
gµν R =
1
M2pl
Tµν − Λeff gµν (1 – 1)
Here, on the left hand side are objects built up from the geometry of the un-
derlying manifold, Ricci Tensor Rµν and the curvature/Ricci scalar R. The left
hand side is characteristic of curvature and describes the dynamics of spacetime
geometry. The right hand side is made up of two terms. Tµν is the stress-energy
tensor of matter sources, which is scaled by 1
M2pl
. This determines the strength of
the coupling between matter sources and the gravitational field. This coupling
strength is in turn fixed by demanding correct Newtonian limits, which gives:
1
M2pl
= 8piG ≈ 1.693× 10−37 GeV−2 (1 – 2)
A well-known fact that gravitational interaction is quite a weak one, is captured
in the smallness of the above number. The other term on the right hand side is
called an effective cosmological constant. Shortly, it will be described in further
detail.
The Einstein field equations are highly non-trivial equations, describing non-
linear interactions including back-reactions of the gravitational field upon itself,
which are very hard to tame. Therefore, carefully made assumptions based upon
the nature of problem at hand can simplify the involving computational efforts
immensely. For a given background, say of a massive source of mass M such
2This has been inscribed by J. A. Wheeler in these famous words “Spacetime tells matter
how to move; matter tells spacetime how to curve”. Interestingly, among many contributions
Wheeler is also known for the phrases ‘black holes’, ‘worm holes’, and ‘it from bit’.
3In recent years, gravitational waves have been directly observed from black hole mergers.
These observations test GR in the strong field limit and have not observed any deviations from
the theory[2].
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as the Sun, solutions of GR can be classified into three distinct regimes based
upon their region of validity[5]. Firstly, there is the classical linear regime, for
distances r > rS, where rS ≈M/M2pl is the Schwarzschild radius. In this regime,
both the non-linear effects and quantum corrections can be ignored. For the Sun
with mass M = M ≈ 1030 kg, the Schwazschild radius is rs ≈ 1 km. Thus,
the linear classical approximation of GR is practically valid almost everywhere
in the solar system. Secondly, there is a classical non-linear regime, for distances
rpl < r < rS, where rpl ≈ 10−35 m is the length scale associated with Planck scale.
In this regime, non-linear effects become important and need to be summed up,
but quantum corrections can still be ignored. This is the regime which is used
to describe dynamics and physics inside a black hole. Finally, there is the regime
of quantum gravity for distance r < rpl. In this regime quantum effects play a
necessarily significant role and can not be ignored any more. This regime becomes
important when one is describing gravitational effects very close to the singularity
itself.
1.2 Why Modify General Relativity?
Having noted these preliminary remarks upon the impressive successes of GR, its
field equations, and solution regimes, some comments are in order to motivate a
study which aims to modify the beautiful theory of GR. In spite of its impressive
records, GR may not be the final word as a theory of gravitational interactions.
This is based on sensible theoretical grounds. As a starter, GR is not a UV
complete theory and hence, at most, can be regarded as an effective field theory
valid up to a cut off scale at the Planck mass Mpl. This means that calculating
higher order corrections in GR results in ever increasing number of infinities which
requires an ever increasing number of free-parameters to cancel those infinities,
consequently making the theory lose its predictability.
On the other side there are certain definite cosmological observations which to
this date do not have a satisfactory explanation. These include the so-called (a)
Cosmological Constant Problem associated with Dark Energy, and (b) Existence
of Dark Matter.
1.2.1 The Cosmological Constant Problem
The cosmological constant problem has been ascribed many labels such as ‘Vac-
uum Catastrophe’, ‘largest discrepancy between theory and experiment in all
of science’, or even ‘worst theoretical prediction in the history of physics’ [6].
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Exciting as these labels may be, it is worthwhile to look at this problem from
its humble origins. The effective cosmological constant term as already seen in
eq(1 – 1), can be thought to be made up of two contributions [7].
Λeff = Λb + 8piG V (φmin) (1 – 3)
These two terms are believed to arise due to two disparate mechanisms. On one
hand, adding a constant term to the geometrical side of Einstein’s field equations
eq(1 – 1) posits a fundamental constant of Nature Λb, the bare cosmological con-
stant. In this interpretation, describing the theory of gravitation requires two
constants G and Λb, and spacetime has to be treated as curved even in the ab-
sence of matter source (i.e. Tµν = 0). Conversely, treating this constant as a shift
in the matter side, results in a corresponding shift in the matter Hamiltonian.
Although dynamics of matter fields are not affected by such shifts in the zero-
point energy of the matter field configuration, for gravity there is a remarkable
difference. Due to the universal nature of gravitational interactions, these shifts
in the zero-point energy of matter fields have a considerable impact on gravity
and it should produce a response to this constant vacuum/dark energy density.
Having gained this context, the following should now be noted:
• Observations of the late accelerated expansion of universe have constrained
the effective cosmological constant to |Λeff | < 10−47 GeV4.
• In pure classical GR smallness of bare Λb is suggestive that it is perhaps
zero. Yet, there is no known invariance principle or symmetry argument
which requires the bare cosmological constant to be zero.
• When quantum effects are included, quantum corrections to the vacuum
energy density can be explicitly calculated for all the fields present in the
universe [8]. These calculation, although dependent on model specific in-
formation, generally have V (φmin) > 10
48 GeV4 or is the corrections are as
large as Planck scale, V (φmin) ≈ 1072 Gev4.
As the facts stand, to exactly satisfy eq(1 – 3), the bare cosmological constant
must have a value, which seems to be fine tuned to, an unprecedented, 60 ∼ 120
orders of magnitude. This is the crux of the entire cosmological constant problem.
A fine-tuning of this scale and with apparently no reason is more than hard to
digest. It warrants further investigation.
1.2.2 Existence of Dark Matter
The existence of a Dark Matter (DM) component in the Universe has been firmly
established through various experimental observations. DM has been deduced
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from its gravitational effects on the rotational curves and velocity dispersions
in galaxies, dynamics of stars in disk environment, through direct gravitational
lensing, within the Local Group of galaxies to explain the inevitable collision
of Milky Way with Andromeda(M31) and through other means [9]. There is
an industry of dedicated researchers who investigate hopeful candidates for DM
which are postulated to follow properties similar to those of other SM particles.
Yet, since gravitation is the only confirmed interaction in which DM seems to
participate, this is suggestive that a DM candidate may come from a modification
to the theory of gravitation[10].
1.3 Why Massive Gravity?
The issues raised in the previous section lead one to realize that modifying GR
might not be that bad of an idea after all4. Apart from its’ possibility to address
the issues raised previously, modifications to gravity are definitely interesting in
their own right.
“There are few better ways to learn about a structure, whether it is a
car, a computer program, or a theory, than to attempt to modify it.”
K. Hinterbichler [5]
There are many modifications to GR which have been studied throughout the
history of this theory. For this thesis, the focus is on a certain class of theories
in which the modification comes in the form of giving the gravitational field a
mass. Classical GR can be uniquely summarized in the statement that “GR
is the theory of a non-trivially interacting massless helicity 2 particle”[5]. It
is interesting to note that this statement says nothing about geometry, general
coordinate invariance or the equivalence principle. The route followed by Einstein
himself using such guiding principles does not necessarily lead to a unique theory
of gravitation. In theories of massive gravity, the massless helicity 2 particle of
GR (quanta of the gravitation field, also called graviton) is made massive. This
is, what is meant by massive gravity.
With a theory of massive gravity, there is hope that the problem of fine-tuning
encountered in the cosmological constant problem subsection 1.2.1 might receive a
technically natural explanation. The argument of technical naturalness goes back
4The present scenario seems like a complete apostasy from the accepted dogma which ascer-
tains that extraordinary claims require extraordinary evidence. The extraordinary evidence, in
the case of DM and Λeff is well-pronounced and awaits theoretical conformity.
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to ’t Hooft [11]. The general idea is that a small parameter in a theory is called
technically natural, if there exists a symmetry which appears when the value of the
said parameter is set to zero. In other words, the principle of naturalness states
that if an underlying theory becomes more symmetric when a parameter involved
is set to zero, only then should this quantity be small in nature. For example,
small masses of fermions (such as electrons) are technically natural because if they
were put to zero, say in the theory of Quantum Electro-Dynamics (QED), then
chiral symmetry appears [12]. In regard to the extremely small seemingly fine-
tuned value of the bare cosmological constant Λb, no such symmetry is know and
hence their low values does not conform to ’t Hooft’s principle of naturalness.
On the other hand, in a theory of massive gravity with graviton mass mg the
fine-tuning problem in Λb can be redressed into the fine-tuning issue of
mg
Mpl
. The
punchline comes when one notes that when mg in such a theory is set to zero,
this theory will regain its symmetry under general coordinate invariance. This
provides a hope and a sincere motivation that the cosmological constant problem
can be solved with a massive graviton.
To modify a theory as successful as GR, the first consistency condition on any
new modified theory is that it must reproduce all the known successes of GR.
Additionally, for a theory as rich and rigid in its structure as GR, any tinkering
with the theoretical-structures does not occur for free. The penalties come in
various forms such as propagation of unphysical ghost modes (Boulaware-Deser
Ghost), discontinuity in parameter space (vDVZ discontinuity) etc, rendering
such pathology-ridden theories unsuitable. It is, therefore, difficult to construct
a healthy consistent theory of massive gravitons.
The last point is rather general and, technically, is worth pausing upon. The
highly successful SM of particle physics frequently and extensively employs mas-
sive and massless fields of spin 0, 1
2
, and 1 to describe enormous amounts (if, not
all) of physics. Thus, it is safe to say, that constructing a field theoretic description
of massive as well as massless fields of spin 0, 1
2
, and 1 is certainly under control
5. The same, however, cannot be said for spin-2 particles. Hence, naturally one
is lead to ask: why shouldn’t massive spin-2 fields not have a theoretically sound
description? The problem of constructing a healthy non-linear theory for general
spin-2 fields turned out to be more challenging than expected. This program, for
non-linear massive gravity, started in the year 1939 when Fierz and Pauli wrote
down the theory of linear massive spin-2 fields[13]. Since then, the pursuit of this
research has lead to many deep insights into the theory; finally leading to the
construction of the dRGT theory of massive gravity in 2010 [14] (after de Rham,
Gabadadze and Tolley). This dRGT theory was further generalized into the bi-
5Note: The construction of a gauge invariant scheme for massive spin 1 ‘vector’ fields leads
to the Higgs Mechanism.
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metric theory of gravity by Hassan, Rosen and May in 2012 [15]. Between the
years 1939 and 2012, needless to say, quite a lot of important and necessary work
was done. A detailed description of this journey can be found in the interesting
reviews [5, 16, 17]. It is noted that important physical concepts such as vDVZ
discontinuity and the Boulaware-Deser ghost which arised in this journey will be
given due attention when they arise in chapter 4.
The next fruit of studying massive gravity comes in the form of identifying
suitable candidates for DM. The bimetric theory of gravity which will be dis-
cussed in detail in chapter 5, involves two independent metrics interacting in a
highly non-trivial manner. This theory when expressed in terms of its massive
eigenstates leads to a description of the theory in terms of massive spin-2 field
and a massless spin-2 field. With the massless spin-2 field all predictions of GR
can be satisfactorily recovered. This leaves the other massive spin-2 field, which
can be tuned, as a rather ideal candidate for DM (see [10] for an example).
This section is now satisfactorily concluded with the satisfactory convinction
that a theory of massive gravity may provide interesting solutions to the problems
mentioned earlier in section 1.2. Who knows, studying such a theory may result
in more than what is being asked for?
1.4 Why 2+1 Dimensions?
It was mentioned at the beginning of this chapter that there are many differences
between GR and SM, two of the most established theories of fundamental physics.
Out of those many differences, the most peculiar one is that the SM is based upon
the framework of quantum field theory, whereas GR as a poor old cousin is only
a classical field theory. Since unification of all fundamental interactions, is one of
the long-cherished goals in theoretical physics, naturally, many people have tried
to put forward a quantum theory of gravity, or quantum gravity. The issue of
quantum gravity is an unusually demanding and involving difficulty which can
not be given a concise introduction in this short overview. Their exists a vast sea
of literature for the interested reader, and as a gentle starting point the reader is
referred to [18, 19] and the references therein.
The serious nature of significant difficulties faced when dealing with the com-
putational and conceptual challenges of quantum gravity desperately motivates
one to look for simple/toy models; preferably those which retain some of original
conceptual difficulties but simplify the computational effort [20]. GR in 2+1 di-
mensions is just such a model. As a classical theory of spacetime geometry, GR
in 2+1 dimensions is riddled with many of the foundational issues that exist for
8 Chapter 1. Introduction
the 3+1 dimensional theory6. Nevertheless, it has proved as an important testing
ground for many theoretical approaches and provides an excellent theoretical-
laboratory for understanding the quantum nature of gravity.
When 2+1 dimensional GR was in its nascent stage, the arguments mentioned
above may have formed the basis for most motivations in studying 2+1 dimen-
sional gravity. According to the author, this has significantly changed in the
present day. It turns out that fundamental physics, especially field theories in
2+1 dimensions enjoy special properties which invites dedicated studies on its
own. Some, and empathetically not all, of the curious features in 2+1 dimen-
sional physics are:
• Schonfeld and Deser, Jackiw, and Templeton discovered, in the early 1980’s,
a mechanism through which gauge fields acquire mass in a gauge invariant
way [21, 22]. This mechanism and such theories go under the name Topo-
logically Massive Gauge Theories7. A major part of this thesis is dedicated
to the study of such theories. There have been attempts to extend such
mass terms to 3+1 dimensions[23].
• Induced Masses: It was observed, quite early on, that quantum loop cor-
rections may induce a mass term for gauge bosons [22]. In fact, even if one
begins with a theory of massless gauge boson coupled to fermions, radiative
corrections give such massless bosons a mass term! Furthermore, this is
even true for the case of gravity: massless gravitons becomes massive when
coupled to massive vector bosons or fermions [24].
• Parity Violation: Weak interactions in SM are the only known interactions
which violate parity. Parity transformations are those transformation under
which spatial dimensions are inverted. In 2+1 dimensions, mass terms for
fermions and topologically massive gauge bosons break parity and time
reversal symmetry8.
• Cosmic Strings: These hypothetical objects are 1-dimensional topological
defects which may have been created during a symmetry breaking phase
transition in early universe [25, 26]. It turns out that GR in 2+1 dimensions
6Pure GR in 2+1 dimensions does not have any propagating degrees of freedom. While this
initially gave the impression that 2+1 dimensional GR is too trivial, it turned out to not be the
case. These points will be clarified and detailed in chapter 4 when dealing with spin-2 fields
7The importance of this work lies in part to its ability to provide a gauge invariant mass
generating mechanism. Another alternative is the Higgs mechanism. In section 2.2, group
theoretical arguments will be presented for the curiosities observed in such theories.
8Parity transformations in 2+1 dimensions are defined by a transformation of the type:
~r = (x, y)→ ~r′ = (−x, y).
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is particularly suitable to treat these objects and study their phenomenol-
ogy. Unfortunately, the strongest experimental constraints on these objects
are based upon the lack of their detection through gravitational waves[27].
• Quantum Hall effect: When the topological mass mechanism is used for
spin-1 vector bosons, as in QED3,the theory so-obtained is effectively ap-
plicable for the study of quantum hall effect in condensed matter physics[28,
29].
• Cosmic Topology: The study of overall structure and topology of the Uni-
verse is called Cosmic Topology (see [30] for present status with Planck
data). There exists an interesting argument, due to van der Bij, based upon
cosmic topology which has been used to explain the number of fermion gen-
erations in the SM. Such an argument assumes that the early universe may
have been 2+1 dimensional (the third space dimension grows large at later
times) and hence makes exquisite usage not only of GR in 2+1 dimensions,
but also other features mentioned above[31, 32].
• AdS/CFT, BTZ, Holography and all that: Although far removed from the
purview of the present thesis, there exists a gargantuan amount of litera-
ture (including several books) rich in novel, creative, and insightful results
dedicated to the study of ‘empty space quantum cosmology’ in 2+1 dimen-
sions. GR in 2+1 dimensions is endowed with rich structures such as a black
hole solution, the BTZ black hole (valid for AdS spaces only). These black
hole solutions have in turn been utilized as theoretical playgrounds to test
interesting new directions such as black hole thermodynamics, AdS/CFT
duality, Knot theory among many others. Since most of these topics lie
outside the scope of this thesis, some general and interesting references are
cited for interested readers [20, 33, 34, 35].
These remarks clearly demonstrate that physics in 2+1 dimensions is special,
spectacular even. This, in itself, constitutes a strong motivation to dedicatedly
study what effects arise when a graviton is made massive in 2+1 dimensions.

Chapter 2
Higher Spin Gauge Field Theory
“It will be impossible to answer
any one question completely
without at the same time
answering them all.”
P. A. M. Dirac[36]
Although, Fierz and Pauli are often cited for originating the program of massive
gravity, their original paper had a lot more to offer than that. Indeed, they had set
out to systematically study and extend Dirac’s earlier work on relativistic wave
equations to particles of arbitrary high spin [13]. Their approach was based upon
demanding Lorentz invariance and positivity of energy after quantization. They
correctly pointed out that consistent interactions between fields of spin 2 or more
is non-trivial, and derived an equation for linear massive spin-2 fields. This, the
Fierz-Pauli equation along with its theory will be studied in detail in section 4.3.
The present chapter, however, is devoted to their original goal: theories of higher
spin fields which possess high spin gauge symmetry.
Quantum field theory is a framework, coherently based upon the principles
of Quantum Mechanics (QM) and the theory of Special Relativity (SR), which
describes the propagation and interaction amongst quantum fields. For flat space-
times or Minkowski spaces, this framework associates particles with unitary, ir-
reducible representations of the Poincare´ group. The keywords used here de-
scribe fundamental principles: Unitarity, coming as a basic postulates from QM
demands conservation of probabilities or bounded Hamiltonians; irreducible rep-
resentations reflecting the elementary nature of the corresponding field/particle;
and transformations under the Poincare´ group which allows for principles of SR
to be incorporated. All of these far-reaching and deep ideas are logically con-
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nected and firmly established in Wigner’s theorem. Additionally, this theorem’s
tantamount importance lies in its ability to provide a scheme for classification
of elementary particles/fields. The contents of this theorem which are relevant
for physics in 2+1 dimensions will be shortly reviewed in section 2.2. According
to this theorem quantum fields can be massive or massless, and their spins can
take up values 0, 1, 2 . . . for bosons and 1
2
, 3
2
, 5
2
. . . for fermions. As was already
pointed out in section 1.3, SM only uses fields of spin 0, 1
2
and 1 to describe all
known physics except gravity, which uses fields of spin 2.
Naturally, this leads one to the curious question: What about Higher Spins (HS)?1
Even before the field theoretic description for HS is studied, one might wonder
whether HS theories are interesting or where do they arise in the present context
of gravity. Or as Rabi might have said: Higher Spins, “Who ordered that?”
2.1 Perspective: Why Higher Spins?
Thirty-five years after Fierz-Pauli’s work, in 1974, Singh and Hagen constructed
the lagrangian for fields of arbitrary spins, both bosons and fermions [38, 39]2.
Their motivation for this work was due to the technical challenge of their work,
and also in part, perhaps, due to Dirac’s remark: “the underlying theory is of con-
siderable mathematical interest”. Later in 1978, Fronsdal extracts the equations
governing massless HS fields from Singh and Hagen’s work [40]. He explicitly cites
twofold reasons for his interest: (1) supersymmetry predicts HS counterparts to
known fields and therefore their consistent field theoretic description is needed,
and (2) a thorough understanding of gauge symmetry associated with HS fields
may allow one to construct a gauge principle for neutrinos (which were presumed
as massless in those days).
It is a delight to contrast these historic motivations with the present day reasons
for pursuing higher-spin gauge field theories. The following points are neither
completely independent of each other, nor presented in any specific order of sig-
nificance.
1. Tower of infinite spins: Although theories of field with spin 2 or lesser
are unique because they actually correspond to known natural phenomena,
it seems these theories are unique in more ways. Any theory which con-
tains a HS field, i.e. spin greater than 2, necessarily contains an infinite
1Following literature, HS is used as a generic term to refer fields with spin s > 2 [37].
2In fact, their two papers appeared back-to-back.
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number of fields of all spins [41]. Two apt-quoted examples of such theo-
ries are String theory and Vasiliev theory. Vasiliev theory, which provides a
consistently-interacting theory for the tower of infinite spins in backgrounds
of constant curvature for all dimensions, is a minimal theory whose spec-
trum consists of each massless HS fields occurring once, much simpler than
the massive excitations in string theory. Interestingly, this theory does not
have an associated energy scale and is, therefore, seen as a toy model for
a fundamental theory beyond the Planck scale. Such a feature is general
for theories with HS gauge symmetries, and noting that effects of quantum
gravity become prevalent at this scale makes these theories important [37].
2. Peculiarities in 2+1 dimensions: Although HS gauge theory may shed
lights on trans-planckian physics, dealing with HS gauge theories can be
quite complicated. It is here that 2+1 dimensions come to rescue. A fea-
ture of the theories mentioned above in three dimensions is that to obtain
consistent interactions, there is no need for considering the infinite tower.
Additionally, for theories which satisfy the AdS/CFT correspondence, GR
in 2+1 dimensions has been considered as a simpler case of a wider class
of theories with HS gauge fields [42]. This makes the case for studying HS
theories necessary, as well as, natural for gaining a better understanding of
quantum gravity in 2+1 dimensions.
3. String theory’s tensionless limit: Strings in string theory have an im-
portant property called string tension, which arises as a coefficient in the
Nambu-Goto action. In the limits of string tensions being zero, all mas-
sive HS excitations in this theory become massless. This is because in the
tensionless limit, there appears to be a large enhancement of string theory
symmetry to that of a massless HS gauge symmetry. Motivated by this
enhancement of symmetry, it is even conjectured that string theory is a
spontaneously broken phase of an underlying HS gauge theory. Originally,
the chance to better understand quantum nature of string theory provided
an impetus for the development of theories of HS gauge fields with consis-
tent interactions [43].
4. No-go theorems: Although, Singh and Hagen’s work and Fronsdal’s con-
struction was available since the late 70s, there existed major road-blocks in
the development of HS gauge theories. These come in the form of two, pow-
erful and classic, no-go theorems. These theorems describe the nature of
difficulties encountered while constructing HS gauge field theories with con-
sistent interactions in flat space. The Coleman-Mandula theorem strongly
prohibits conserved charges (or symmetry generators) associated with a HS
gauge group algebra; thereby severely restricting the symmetries associated
with the S-matrix of an interacting QFT in four-dimensional Minkowski
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spacetimes. The Weinberg-Witten theorem disallows the energy momen-
tum tensor associated with a particle of spin 2 or more to be both gauge
invariant and Lorentz covariant in a flat background. This does not pre-
vent gravitons from interacting with matter or itself, merely restating that
a gravitational field’s energy cannot be localized. These statements stem
from the fact that interactions in HS gauge field theory seemingly contra-
dict certain basic assumptions which are an input in the setup of canonical
QFT, necessarily implying that such interactions must be unconventional.
In spite of these no-go theorems, considerable success and breakthroughs
has allowed the construction and analysis of HS gauge field theories featur-
ing consistent interactions. Among many other ways, the dual use of Λ as
both a coupling constant and a cosmological constant, allows one to evade
these no-go theorems (which work in flat spaces only). The literature on
these issues is wide and interested readers are referred to the reviews [37, 44].
Due to some exciting yes-go results obtained in the last few decades this
field has seen a resurgence of interest.
The above mentioned in-exhaustive points indicate that there is a deep theoret-
ical connection between HS gauge field theories, String theory and possibly even
quantum gravity. This makes pure HS gauge field theories almost an imperative
for further work in those theories. There is a more down-to-earth application:
many HS hadronic resonances have been observed in nature. HS field theory
could in principle describe the dynamics of these composite particles, which are
currently described using complicated form-factors. Finally, HS gauge field the-
ory represents a generalization of physics based on lower spin-fields. Noting that
these lower spin fields comprise most of known fundamental physics, to the au-
thor, a generalization to HS is worthy of attention in its own right.
2.2 Irreducible Representations: Poincare´ Group
in 2+1 dimensions
Invariance under the transformations of the Poincare´ group (which includes ro-
tations, boosts and translations) is a natural, as well as, technical demand which
is imposed upon physical theories. These transformations form a mathematical
group and hence ideas from group theory become quite relevant in field the-
ories. Wigner’s theorem, mentioned earlier, is a group theoretical result and
provides, in some sense, a connection between the mathematical description of
fields with physical particle in nature. Since these ideas are textbook-old, only
a brief overview is given. Apart from mentioning some details pertinent to the
case of 2+1 dimensions, the reader is referred to the original paper by Binegar
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[45] and an excellent review valid for d ≥ 3 [46].
The subgroup of linear inhomogeneous proper orthochronous Lorentz trans-
formations is called the Poincare´ group, ISO(d − 1, 1)↑. Being a Lie group, the
commutative properties of all transformation generators of the Poincare´ group
constitute, what is called, a Lie algebra. The importance of studying Lie algebra
lies in the fact that these are properties of the group which are independent of the
group representations. Groups are studied via their representations, which is an
operation that assign a linear operator to an abstract elements of the group. The
Lie algebra for ISO(d − 1, 1)↑ is given below. These equations describe the dif-
ference between performing two subsequent transformations on a d dimensional
vector (rotations, boosts or translations) in one order and then the other way
around.
i[Mµν ,Mρσ] = ηνρMµσ − ηµρMνσ − ησµMρν + ησνMρµ
i[Pµ,Mρσ ] = ηµρPσ − ηµσPρ
i[Pµ, Pν ] = 0
(2 – 1)
While studying representations, an important role is played by Casimir opera-
tors. These operators, having the special property of commuting with all genera-
tors, are proportional to the identity. The constant of proportionality provides a
label for the representations of the group. There are two Casimir operators for the
Poincare´ group: (a) the square of momentum PµP
µ, and (b) the Pauli-Lubanski
vector Wµ =
1
2
µνρσM
νρP σ, giving the labels of mass m and spin s respectively. 3
Wigner’s celebrated theorem re-expressed the demand of positivity of energy
from Fierz-Pauli to the condition that one particle states carry a Unitary Ir-
reducible Representation (UIR) of the Poincare´ group. The next task in this
logical scheme is to classify different representations of the Poincare´ group based
upon the UIR’s they carry. Wigner introduced the method of induced repre-
sentation, based upon the representations of the stability sub-group called little
group (transformations which leave the momenta invariant). All possible states
of different momenta’s which can be connected to any chosen momentum state
using boosts forms an orbit. There are 6 classes of orbits, whose classification
leads to the following UIRs4:
1. Massive particles with spin s
The orbit of such states satisfies p2 = m2 and forms a hyperboloid mass-
3There is an interesting group-theoretical result due to Beltrametti and Blasi, to find the
number of Casimir operators for any Lie algebra [47].
4Only relevant UIR’s for three dimensions are discussed. There are also UIR’s corresponding
to tachyons, anyons etc.
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shell. A momenta state can be picked as:
Particle’s rest frame: pµ = (m, 0, 0)
As can be seen the little group is SO(2), with complex dimension one (real:
two), this implies that massive states in 2+1 dimensions should have 2
propagating degrees of freedom (dof), irrespective of their spin.
2. Massless particles with discrete spin
The orbit of such states satisfies p2 = 0 and forms a light-cone. An exem-
plary momentum state, for energy E is:
Motion along y-axis: pµ = (E, 0, E)
Evidently, the little group is: Z ⊗ R, where Z = {1,−1} is simply the
multiplicative group and R is the group of real numbers. There are two UIRs
(upto equivalence) of Z. Due to the degeneracy of R, this orbit corresponds
to excitation with no polarizations. Equivalently, massless UIRs in 2+1
dimensions of any spin correspond to scalar fields5.
Interestingly, the group of massless UIRs is degenerate: implying that, group-
theoretically, for massless UIRs there is only one spin [45]. This implies: Firstly,
GR in 2+1 dimensions will have no propagating dof 6. Additionally, even HS
gauge field theories will suffer the same end in 2+1 dimensions. Being gauge
theories they necessarily deal with massless excitations, and for 2+1 dimensions
this already implies that there will be no local dof in such theories [48, 42]. This
supports the idea that GR in 2+1 dimensions can be viewed as a specific example
of HS theories. Finally, the absence of dof for fields of spin s > 1 will also arise
in section 2.4, in which the dof for massive and massless fields of arbitrary spin
and in arbitrary dimensions will be comprehensively calculated.
It is important to note that such a group theoretical analysis cannot probe
topological theories, such as pure Chern-Simon theories7. This is due to the
lack of physical dof in such theories, which corresponds to identically vanishing
UIRs of their little groups. In this sense, there is an equivalence between pure
GR/HS theories and topological theories [34]. Nevertheless, local dof can come
into existence by deforming a pure HS theory with topological terms, resulting
5Although, not transparent from the presented remarks, scalar and spinors are the only
kinds of massless particles that can propagate in 2+1 or lower dimensions[45, 46, 37].
6This will also be seen from the vanishing of the Weyl tensor in section 4.1, and from a
comprehensive dof counting in section 2.4
7By pure Chern-Simons theory it is meant that the theory contains only a Chern-Simons
term.
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in a rather, curious interplay between these two kinds of theories (example -
topologically massive gauge theories).
Finally, a comment upon how these physical UIRs are incorporated in QFT.
Since the transformation properties of individual UIRs are diverse and compli-
cated, constructing a theory describing interactions between multiple UIRs in a
covariant way is quite involving. Instead in QFT, one repacks these UIRs neatly
into tensorial fields with definite transformation properties which guarantees co-
variance right from the start8. The price for replacing UIRs with covariant fields,
which are generally not irreducible, is the propagation of many unwanted dofs.
These unphysical dofs, then, have to be removed using subsidiary conditions,
preferably coming from a well-chosen Lagrangian.
2.3 Massless Fields: Fronsdal Formulation
Since individual UIRs are packaged into covariant tensorial fields which may not
be irreducible representations themselves, a correct description for HS usually
requires multiple lower-spin auxiliary fields which vanish on-shell. In the success-
ful approach of Singh and Hagen, the description of massive HS field of spin-s
requires, the following symmetric traceless tensorial fields9:
ψµ1µ2...µs , ψµ1µ2...µs−2 , ψµ1µ2...µs−3 , . . . , ψµ1 , ψ︸ ︷︷ ︸
auxiliary fields
The Singh-Hagen Lagrangian can be considerably simplified for describing
massless spin-s fields. Indeed, as worked out by Fronsdal, only two traceless
symmetric tensorial fields are required. These are:
ψµ1µ2...µs and ψµ1µ2...µs−2
These two traceless fields are combined into one single field, referred to as the
Fronsdal field10:
φµ1µ2...µs = ψµ1µ2...µs + η(µ1µ2ψµ3µ4...µs) (2 – 2)
8Due to Poincare´’s duality, only symmetric tensors are required for d = 3 or 4. In higher
dimensions, tensors of mixed symmetry also need to be considered.
9An interesting way of obtaining a massive spin-s lagrangian in d dimensions is to perform a
Kaluza-Klein reduction of a massless spin-s field in (d+1) dimensional manifold, and compactify
the extra dimension as a circle with radius 1m [37]. This approach is rather general given that
consistent theories of massive gravity have also been obtained in a similar manner (see part-1
of [16]). Additionally, in section 2.4 this will be explicitly seen from a general counting of the
number of dof for both massive and massless fields.
10Writing explicit dependence of these tensorial fields upon spacetime has been supressed for
brevity, compactness and readability.
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Notably, a double-tracelessness condition for the Fronsdal field φµ1µ2...µs follows
immediately.
ηµiµj ηµkµl φµ1µ2...µs = 0 ∀ i, j, k, l = {1, 2, 3, . . . s} (2 – 3)
This is a good starting point to sketch out some details of the Fronsdal theory
of massless HS fields. The field equation for Fronsdal theory is neatly stated in
terms of the Frondal tensor (Fµ1...µs), given by:
Fµ1...µs(φ) = φµ1...µs − s ∂(µ1∂σφµ2...µs)σ +
s(s− 1)
2
∂(µ1∂µ2φµ3...µs)σ
σ (2 – 4)
The fields equations in Fronsdal theory compactly becomes:
Fµ1...µs(φ(x)) = 0 (2 – 5)
As it should, the Fronsdal equation reduces to well known equations of motion:
spin-1: ∂µFµν = 0
spin-2: Rµν = 0
(2 – 6)
The above equations can be readily recognized as the Maxwell’s equation for
electromagnetism in terms of the electromagnetic field strength tensor Fµν , and
the linearized vacuum Einstein equations for the Ricci tensor Rµν .
There are four key aspects about Fronsdal theory which are of immediate rel-
evance. These are: (a) Gauge symmetry in the Fronsdal theory, (b) Explicit
verification of massless excitations, (c) Lagrangian formulation, and (d) Count-
ing the number of dof. The first three are dealt in the following sub-sections. The
last will be dealt in a more general way in section 2.4
2.3.1 Gauge symmetry in Fronsdal Theory
The well known examples, of spin-1 and spin-2 mentioned above, satisfy gauge
symmetries. Gauge symmetries, in a very broad sense, can be thought of as a
redundancy in the chosen description of nature. The UIR’s coming from the
representations of Poincare´ group are packed in a covariant field which has many
more independent components. This brings the redundancy and gauge symmetry
can be thought of as the freedom to use any of those independent components
in the tensorial field as the UIR. Additionally, since the Fronsdal theory is for
massless fields, it should be expected that eq(2 – 5) is invariant under a gauge
transformation. The gauge transformations for the Fronsdal field φµ1...µs are de-
fined as11:
φµ1...µs → φ′µ1...µs = φµ1...µs + δφµ1...µs
δφµ1...µs = ∂(µ1ξµ2...µs)
(2 – 7)
11Prime ′ here does not indicate a trace!
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Here, the gauge parameter ξµ1...µs−1 is an arbitrary symmetric tensor. This results
in the following gauge transformation for the Fronsdal tensor:
δFµ1...µs ∝ ∂(µ1∂µ2∂µ3ξµ4...µs)σσ (2 – 8)
Thus, gauge invariance of the Fronsdal equation eq(2 – 5), forces the gauge pa-
rameter ξµ1...µs−1 to be a traceless tensor. Note, the tracelessness of the gauge pa-
rameter necessarily implies gauge invariance of the double-tracelessness condition
of the Fronsdal field eq(2 – 3), since any gauge-variation in this equation will nec-
essarily involve tracing the traceless gauge-parameter. The double-tracelessness
condition will only arise when dealing with fields of spins ≥ 4. For fields with spin
1 and spin 2, the gauge-symmetry for this lagrangian will be verified individually
when those cases are discussed in later chapters.
2.3.2 Massless excitations in Fronsdal Theory
Since, the gauge invariance of Fronsdal theory is established, that it indeed prop-
agates massless excitations can also be seen. To this end, denoting the trace of
Fronsdal field by φ′µ3...µs , its gauge variation is:
φ′µ3...µs ∝ ∂µ1ξµ1...µs−1 (2 – 9)
Thus, a partial gauge choice can be made for the trace part of the Fronsdal field
(by setting ∂µ1ξµ1...µs−1 to zero):
φ′µ3...µs = 0 (2 – 10)
Thus, the Fronsdal equation reduces to:
Fµ1...µs = φµ1...µs − s ∂(µ1∂σφµ2...µs)σ
= ∂µ1∂µ2φµ1...µs = 0
(2 – 11)
Note, the Einstein summation convention was used to get rid of the symmetriza-
tion present above. There is still some residual gauge symmetry in the Fronsdal
equation which can be seen from:
∂σδφµ2...µsσ = ∂
σ∂(µ2ξµ3...µsσ)
=
1
s
ξµ2...µs
(2 – 12)
Note, additional terms which would have arised above were already fixed with
the first gauge choice. This can be used to further fix an additional gauge as:
∂µ1φµ1...µs = 0 (2 – 13)
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With the above choices, the remaining Fronsdal equation simply becomes (in
addition to the gauge conditions chosen above):
Fµ1...µs = φµ1...µs = 0
φ′µ3...µs = 0
∂µ1φµ1...µs = 0
(2 – 14)
The first equation, in the above three, is a Klein-Gordon type equation for a
massless particle. This demonstrates that the Fronsdal theory, indeed, propagates
massless excitations. Additionally, as mentioned in the beginning of section 2.3,
the Fronsdal theory required an auxiliary field of spin-(s − 2), which was used
to make the Fronsdal field in eq(2 – 2). Its unphysical pure-gauge nature has
emerged as the second equation above, whereby using gauge freedom this com-
ponent of the Fronsdal field is set to zero.
This section is closed by mentioning that the residual gauge symmetry obeys:
ξ(µ1...µ(s−1)) = 0
∂µ1ξµ1...µs−1 = 0
ξ′µ3...µs−1 = 0
(2 – 15)
2.3.3 Fronsdal Action
An important quantity to neatly define the Fronsdal lagrangian is the trace-
reversed Fronsdal tensor F µ1...µs . This is defined as:
F µ1...µs = Fµ1...µs −
1
2
η(µ1µ2Fµ3...µs)σ
σ (2 – 16)
At spin-1, this object is equivalent to the divergence of the electromagnetic field
strength tensor ∂µFµν , and at spin-2 this object is equivalent to the linearized
Einstein tensor Gµν .
The lagrangian which leads to the Fronsdal equation, now has a compact form:
LFronsdal = (−1)
s+1
2
φµ1µ2...µsF µ1µ2...µs
σs K(φµ1...µs ) = σs φµ1µ2...µsF µ1µ2...µs
(2 – 17)
The overall sign and the pesky factor of 1
2
is needed to ensure standard nor-
malization of the kinetic term and unitary positive-definite Hamiltonian, for the
‘mostly-minus’ metric signature employed in this thesis. In the second equation,
written for clarifying future notational conventions, this lagrangian is labelled as
the kinetic-term K(φµ1...µs ) for a spin-s field. Since this lagrangian will be used
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again-and-again in this thesis, an overall constant factor σs is defined which con-
tains both the factor 1
2
and an overall spin-dependent sign. For the author, this
greatly simplified keeping overall factors separate from the dealing of tensorial
structures. There should be no confusion between the usage of σ as an index or
as an overall constant. For later reference,
σs =
(−1)s+1
2
(2 – 18)
In d-dimensions, the above lagrangian lead to the Fronsdal Action:
S =
∫
ddx φµ1...µsF µ1...µs (2 – 19)
This leads to the equations of motion for the trace-reversed Fronsdal tensor,
which can be explicitly checked to be equivalent to eq(2 – 5). Also, the gauge-
invariance of this action can be firmly established [49, 50]. In the next section, a
general degree-of-freedom count for massive and massless fields of arbitrary spins
for d-dimensions is presented. The massless case, subsection 2.4.1, establishes
that the Fronsdal equation does indeed propagate the correct number of degrees-
of-freedom.
2.4 Degrees of freedom in d-dimensions
In this section, a general calculation of the number of propagating physical dof
for a general field of spin-s for both massive and massless fields in arbitrary
dimensions is presented. Such a calculation is not only a mathematical curiosity,
but also wields the power to bring out certain very general theory-independent
physical conclusions. The calculations have been divided into two eponymous
subsections.
2.4.1 Massless fields of spin-s
A massless spin-s field is denoted with a tensor of rank s, such as the Fronsdal
field eq(2 – 2). Due to the symmetric nature of the tensor, the order of indices is
unimportant.
A symmetric rank-s tensor in d dimensions requires c1 independent compo-
nents, where c1 is:
c1 =
(
d− 1 + s
s
)
=
(d− 1 + s)!
(s)! (d− 1)! (2 – 20)
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For s = 2, d = 4 the above formula gives c1 = 10 and s = 2, d = 3 implies
c1 = 6. This matches with the usual counting done with a matrix representation
of spin-2 tensors. Next, the double-traceless condition of eq(2 – 3) will remove
c2 components. The gauge condition is described by a rank-(s − 1) symmetric
traceless tensor. Fixing a partial gauge removes c3 components and fixing the
residual gauge removes another c4 components. These components are given by:
c2 =
(
d− 1 + s− 4
s− 4
)
c3 =
(
d− 1 + s− 1
s− 1
)
︸ ︷︷ ︸
symmetric
−
(
d− 1 + s− 3
s− 3
)
︸ ︷︷ ︸
traceless
c4 =
(
d− 1 + s− 1
s− 1
)
−
(
d− 1 + s− 3
s− 3
)
(2 – 21)
Finally, the number of dof associated with a massless spin-s field becomes:
dof spin-s, massless = c1 − c2 − c3 − c4
=
(d− 4 + 2s) Γ(d− 4 + s)
Γ(d− 3) Γ(s+ 1)
(2 – 22)
This formulae is equivalent to eq(3.15) of reference [50] and eq(2.29) of reference
[37]12. Putting numbers, this formula gives:
For d=6, arbitrary spin-s = (1 + s)2
For d=5, arbitrary spin-s = 2s+ 1
For d=4, arbitrary spin-s = 2
For d=3, arbitrary spin-s = 0
For d=2, arbitrary spin-s = 0
For d=1, arbitrary spin-s = 0
For d=0, arbitrary spin-s = 0
(2 – 23)
Some comments are now in order. First, the formula derived in eq(2 – 22)
gives the correct number of dof for massless fields in 4-dimensions, which is a
well known result. Second, for 3-dimensions, this formula correctly predicts that
the number of dof for HS fields should be zero, as was seen from group-theory
arguments in section 2.2. Third, the case of spin-1 in 3-dimensions is special since
it is equivalent to a scalar field. The derivation presented above made explicit
use of the double-traceless condition which cannot be defined for a spin-1 field.
Fourth, the presence of Γ(n) = (n− 1)! should not cause much worry, since this
formula should not be applied to cases where it is definitely not valid!
12The two equations cited do not have the same representation of the formula given here.
Yet, these two formulas including the one presented here are equal.
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Additionally, for 5-dimensions, this formula predicts dof = 2s + 1. As will be
seen later, this is exactly the same number of dof for a massive spin-s field in
4-dimensions. This is not a mere coincidence. As was remarked in footnote 9,
this is a very peculiar and general feature, which motivates the study of higher-
dimensions/extra-dimensions and their compactifications. It is also interesting
to note, that in 2-dimensions (1-space and 1-time), there are no massless dof’s.
Further, for even lower dimensions of 1 or even 0, (where counting space and
time dimensions separately does not have a well defined meaning) - this formula
neatly produces 0.
Clearly, the above formulae should not work if a theory uses a mass generat-
ing mechanism which has not been accounted for. There is a ready example -
topologically massive gauge theories, with a Chern-Simons mass terms.
2.4.2 Massive fields of spin-s
In the case of massive fields, there will be no complication due to gauge symmetry
and unphysical modes. A massive spin-s field will in general follow Fierz-Pauli
conditions which can be derived from the Singh-Hagen lagrangian. Thus, the
number of dof should be equal to the number of independent components in a
symmetric, traceless, divergence-free tensor of rank-s. A symmetric tensor of
rank-s in d-dimensions has c1 independent coefficients. The traceless condition
will remove c5 components. To eliminate all lower spin auxiliary fields, a condition
of the type:
∂µ1ψµ1...µs = 0
is used. This makes the traceless symmetric tensor ψµ1...µs divergenceless as well.
Using this condition, another c6 components can be removed. However, the trace
part of the divergenceless condition, c7, was already removed by c5.
c5 =
(
d− 1 + s− 2
s− 2
)
c6 =
(
d− 1 + s− 1
s− 1
)
c7 =
(
d− 1 + s− 3
s− 3
) (2 – 24)
Together, the number of dof in a massive spin-s field becomes:
dof spin-s, massive = c1 − c5 − c6 + c7
=
(d− 3 + 2s) Γ(d− 3 + s)
Γ(d− 2) Γ(s+ 1)
(2 – 25)
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Plugging in the numbers,
For d=5, arbitrary spin-s = (1 + s)2
For d=4, arbitrary spin-s = 2s+ 1
For d=3, arbitrary spin-s = 2
For d=2, arbitrary spin-s = 0
For d=1, arbitrary spin-s = 0
For d=0, arbitrary spin-s = 0
(2 – 26)
One immediately recognizes that this formula predicts the correct number of
dof for massive spin-s in 4 dimensions, the familiar 2s+1. In 2+1 or 3 dimensions,
for a particle with arbitrary spin there are 2 massive dofs. Thus, the number of
dof for massive gravity or massive electrodynamics is 2, in 2+1 dimensions. These
dof’s will be carefully studied when they arrive in their respective chapters.
Additionally, the number of massive dofs in 5-dimensions is the same as the
number of massless dof in 6-dimensions. In fact, using the explicit formulas given
above, the following can be asserted, for arbitrary spin-s:(
Number of massless dof
in d+1 dimensions
)
=
(
Number of massive dof
in d dimensions
)
(2 – 27)
Finally, note that for a field of spin-s, its massive version always has more
dofs than the massless counterpart (except ofcourse for very low dimensions or
spin-0 fields). The reasons for this are discussed in detail in section 4.4, where
the Stu¨ckelberg analysis is used to understand the theory of massive spin-2 fields.
2.5 Topologically Massive Higher Spin Fields
As has been noted on multiple occasions, HS gauge fields do not propagate any
local physical dof in 2+1 dimensions. This is a rather general statement which
includes GR, Vasiliev theory and other HS gauge field theories [49]. Additionally,
a theory for massive fields can be obtained from a corresponding massless version
set in higher-dimensions after compactification of the extra dimension [16, 37].
In this sense, massless fields are like building blocks of their massive cousins.
Nevertheless, there are other mass generating mechanisms which can deform the
massless theory in other interesting ways. Conversely, there are topological field
theories: such as pure Chern-Simon theories which are described with a Chern-
Simons (CS) term in the Lagrangian. Such a theory in 2+1 is same in terms of its
physical content with conventional GR in 2+1 dimensions for spin-2, and perhaps
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also for pure HS gauge field theories [34]. Hoping to learn lessons about quantum
gravity from Chern-Simon theories was one of the motivations for studying such
topological field theories.
An interesting mass generating mechanism is by having both these kinds of the-
ories, together simultaneously in the same lagrangian. Such theories are called
Topologically Massive Gauge Theories. Such theories for spin-1 (topologically
massive electrodynamics(TME or QED3)) and spin-2 (topologically massive grav-
ity (TMG)), exciting as they are, have been studied extensively for a long time.
Additionally, theories with interactions between HS fields and gravity have also
been looked into [48, 42]. It would be interesting, imperative even, to have and
study theories in which pure HS gauge fields were made massive, in a manner
analogous to the TME/TMG13. To this end, in this section, a linearized Chern-
Simons terms based on the Fronsdal formulation is proposed. The CS terms for
spin-1 and spin-2 have beautiful origins in the topology of the underlying man-
ifold. The author has not worked out such a derivation for the extended spin-s
CS term. In chapter 3 and chapter 4, it will be seen how a Lagrangian based on
this term gives rise to the theories of TME and TMG respectively.
Among other reasons, the CS term is said to be topological because it does
not involve any metric. A metric is intimately tied to the geometric properties
of a manifold and therefore leaving it out of the description, perhaps, leads to a
description based only on topological properties. The CS term uses the epsilon
symbol αβγ for contracting the various fields with derivatives. A CS-type term
which is conjectured to be valid for all HS fields is proposed below. The term is:
Lcs spin-1 = σ1 φµ∂ααβµφβ
Lcs spin-s≥2 = σs φµ1...µs ∂ααβ(µ1F µ2...µs)β
(2 – 28)
In these definitions, φµ1...µs is the Fronsdal field and F µ1...µs is the trace-reversed
Fronsdal tensor. It is now worth seeing how this term functions for some special
case.
Caveat: The CS term for spin-1 needs some qualifying remarks. Since, the
case for spin-1 in 2+1 dimensions is special, it has to be dealt separately. If one
plugs s = 1 in the second definition above, one finds that the right hand side
is identically zero. Moreover, the CS term for HS is third-order in derivatives
whereas there is only one derivative for spin-1 CS term. This leads to an impor-
tant difference, described hereafter. There are two demands placed upon a CS
term: (a) On its own, it should describe a theory that is physically equivalent to a
corresponding metric based field theory such as electrodynamics, GR etc and (b)
When taken together with a metric-based term it should generate a mass for the
13The author is currently unaware regarding the availability of any such work in the literature.
26 Chapter 2. Higher Spin Gauge Field Theory
conventional field. The definition given here for spin-1 provides only the latter of
the two purposes14. Nevertheless, this has an easy cure, which is now given.
2.5.1 Spin-1
There are two aspects to be checked out. Firstly, a theory with only CS term, and
secondly a theory with both CS term and a metric-based term. To deal with the
first issue, a modified definition (marked with a prime: ′) of CS term for spin-1
is necessary in line with the caveat mentioned above.
L′cs spin-1 = σ1 φµ∂ααβµφβ (2 – 29)
Adding, a box/d’Alembert operator makes the above term third-order in deriva-
tive. The equations of motion from such a term are simply:
 F∗ µ = 0
∂µ F∗ µ = 0
(2 – 30)
Here, F∗ µ is a dual-vector to the electromagnetic field strength tensor. It is
defined as:
F∗ µ =
1
2
αβµF
αβ = αβµ∂
αφβ (2 – 31)
The repeated usage of the letter F to denote: Fronsdal tensor Fµ1...µs , trace-
reversed Fronsdal tensor F µ1...µs , electromagnetic field strength tensor Fµν , and
now it’s dual F∗ µ - is an unfortunate coincidence trickling here from history.
Confusion arising from such abusive notation is deeply regretted.
The first equation in eq(2 – 30) declares that the field excitations are massless
in nature. The second is a by-product from the definition of dual-vector and
does not arise from the Lagrangian. In 2+1 dimensions, the first equation gives 3
equations for each component of the dual-vector. The second can be used to kill
one component, leaving a system of equations with two components. Moreover,
this system possesses a gauge symmetry:
δφµ = ∂µξ
implies: δ F∗ µ = 0
(2 – 32)
Thus, using a scalar gauge parameter another component can be fixed, leaving a
single independent dof in the system.
Overall the CS spin-1 lagrangian used in eq(2 – 29) describes a massless field
with one dof, or a massless scalar field. This will be seen to be equivalent to
electrodynamics in 2+1 in section 3.1.
14This definition is chosen here since it leads to TME and because in this thesis topologically
massive gauge theories will play a central role.
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The other issue, mentioned at the beginning of this subsection, regarding mas-
sive excitations leads to the theory of Topologically Massive Electrodynamics
(TME) which will be dealt in section 3.3.
2.5.2 Spin-2
It is now desired to study the CS term for higher spins defined in eq(2 – 28) for
the case of spin-2.
Lcs spin-2 = σ2 φµν ∂ααβ(µF ν)β (2 – 33)
Objects of relevance are:
Fµν = φµν − 2 ∂(µ∂ρφν)ρ + ∂µ∂νφ′
F ′ = 2(φ′ − ∂ · ∂ · φ)
F µν = φµν − 2 ∂(µ∂ρφν)ρ + ∂µ∂νφ′ − ηµν(φ′ − ∂ · ∂ · φ)
(2 – 34)
Plugging these back into the lagrangian gives:
Lcs spin-2 = σ2
2
φµν
(
∂α
αβ
µ
(
φνβ − ∂ν∂ρφβρ
)
+ µ↔ ν
)
(2 – 35)
The lagrangian above is the linearized version of the well-know CS term from
TMG. The above lagrangian can be solved for an equation of motion. That
equation of motion can be further analyzed. This is given below:
eom:
(
∂α
αβ
µ
(
φνβ − ∂ν∂ρφβρ
)
+ µ↔ ν
)
= 0
trace: ηµν
(
∂α
αβ
µ
(
φνβ − ∂ν∂ρφβρ
)
+ µ↔ ν
)
= 0
divergence: ∂µ
(
∂α
αβ
µ
(
φνβ − ∂ν∂ρφβρ
)
+ µ↔ ν
)
= 0
gauge invariance: eom(φ′µν) = eom(φµν + δφµν)− eom(φµν) = 0
with: δφµν = ∂(µξν)
(2 – 36)
The first equation is symmetric in free indices µ and ν. In d-dimensions, this
equation would have d(d+1)
2
independent components (put s=2 in c1 eq(2 – 20)).
The trace condition presented above can be used to remove one of these compo-
nents. The divergence condition has one free index, and therefore are actually
d equations, fixing d components. The equation of motion also satisfies gauge
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symmetry for an arbitrary gauge parameter ξµ. This freedom can be used to fix
another d components. Thus, the remaining truly independent components are
the true dof described by the spin-2 CS lagrangian. It is: 15
CS spin-2 dof:
d(d+ 1)
2
− 1− d− d = d(d− 3)
2
(2 – 37)
Clearly, the lagrangian given in eq(2 – 33), does not allow any propagating
degrees of freedom in 2+1 dimensions. This situation is physically equivalent to
GR in 2+1 dimensions, where the identical vanishing of the Weyl tensor ensures
that there are no propagating gravitons (as will be seen in section 4.1).
The other aspect for the CS-term is its ability to give massive excitations. For
spin-2, this leads to a theory called Topologically Massive Gravity (TMG) and
will be studied in section 4.5
To conclude, in this chapter pure HS gauge field theories were discussed. Some
general group-theoretic arguments was enough to conclude that there are no high-
spin excitations in 2+1 dimensions. It was readily seen that pure HS gauge field
theories in 2+1 dimensions are equivalent in physical content to pure CS term
based theories. Even more curious, are theories in which these two are simulta-
neously present. It will be seen that these theories, although independently lack
any physical dof, together give rise to a massive physical excitation. Such theories
are interesting due to their special properties, as will be studied in the following
chapters.
15Although the presence of  symbol makes the CS term specific only to 2+1 dimensions,
counting in general d-dimensions and seeing the result is more gratifying to the author
Chapter 3
Fields of Spin-1
“There are some questions in
Astronomy, to which we are
attracted rather on account of
their peculiarity, as the possible
illustration of some unknown
principle, than from any direct
advantage which their solution
would afford to mankind.”
J. C. Maxwell[51]
Spin-1 fields exist in nature. In fact four fundamental spin-1 fields have been
observed in nature. They come in two kinds: (a) Massive fields such as the Z-
bosons, and W±-bosons, and (b) Massless fields with the archetypical example
γ-bosons or the Photons. Since physical phenomenon of electromagnetism and
electromagnetic waves are ubiquitous, well-understood and their well-established
theoretical description has been around for a very long time, they form a rigid
body-of-knowledge to compare other theories of spin-1 fields. Although this thesis
is devoted to the study of massive gravity, studying theories of massive spin-1
field will serve quite useful. For one, due to its simplicity the difference between
massive and massless fields is quite transparent for spin-1 fields. This may provide
some experience for the reader to discern and distinguish between massive and
massless theories, when the computations get involving at spin-2, as it did for
the author. Moreover, a study on spin-1 will certainly allow some instinctive
expectations for the imminent spin-2 theories to be developed. As it always is
with expectations, it will be exciting to see what becomes of such expectations.
This thesis being dedicated to physics in 2+1 dimensions, the author finds it
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important to briefly include some tenets of the planar electromagnetic theory.
3.1 Perspective: Planar Electromagnetism
With only 2 dimensions of space and 1 time-keeping dimension available, it is
certain that light (or photons) in 2+1 electromagnetism will be quite different
from its usual 3+1-dimensional avatar. As a starter: Consider the two polariza-
tion vectors of electromagnetic waves, which are characteristically transverse to
the direction of propagation. In 2+1 dimensions, there are simply not enough
space dimensions to sustain this behaviour. For any chosen direction, at most
there can only be one transversal direction in the plane. Now, recalling that a
vector field has a single scalar dof in 2+1 dimensions (section 2.2), one may de-
duce that electromagnetic waves in 2+1 dimension will have only one transverse
polarization vector. This is indeed true, as will be seen shortly.
The lagrangian describing electromagnetic phenomena of electric fields E and
magnetic field B is expressed, covariantly, through the electromagnetic field
strength tensor Fµν . These are related to the gauge field Aµ as follows:
Fµν = ∂µAν − ∂νAµ
Ei = F0i = ∂0Ai − ∂iA0
ijkBk = −Fij = −∂iAj + ∂jAi
(3 – 1)
These definitions are clearly invariant under gauge transformation: Aµ → Aµ +
∂µξ, for an arbitrary gauge parameter ξ. In d-dimensions, the Maxwell Lagrangian
description with conserved matter source Jµ is:
Lmaxwell = −1
4
F µνFµν − 1
2
AµJµ
=
1
2
Aµ
(
ηµν − ∂µ∂ν
)
Aν − 1
2
AµJµ
(3 – 2)
Putting µ = ν = 0 in the above lagrangian, one quickly notes that there is no ki-
netic term for the A0 component of the spin-1 field. Further, these definitions are
independent of the number of dimensions. However, there is a major difference
when physics from 3+1-dimensions is compared to physics in 2+1-dimensions.
This can be seen by expressing Fµν in terms of fields E and B. For 2+1 di-
mensions, this tensor can be obtained crudely by cutting of one-dimension as
follows:
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Fµν =

0 Ex Ey Ez
−Ex 0 −Bz By
−Ey Bz 0 −Bx
−Ez −By Bx 0

︸ ︷︷ ︸
3+1 dimensions
→
 0 Ex Ey−Ex 0 −B
−Ey B 0

︸ ︷︷ ︸
2+1 dimensions
(3 – 3)
An immediate difference to note is that the B-field, having lost two compo-
nents, is now only a (pseudo-)scalar1. Solving the lagrangian in eq(3 – 2) for the
equations of motion (ignoring the source term), one obtains:
Aµ = 0
Lorenz gauge: ∂ · A = 0 (3 – 4)
In deriving these equations a Lorenz gauge choice has already been made. The
first equation describes the massless nature of the excitations. The first equation
is actually three separate equations for each component; the second equation can
be used to remove one component from the Aµ gauge field. Next, noting that
the A0 component does not have a kinetic term in the lagrangian eq(3 – 2), there
is only one independent component left in the Aµ field. Hence, it is concluded
that this theory describes a scalar massless excitation. The above equations of
motion are quite reminiscent of eq(2 – 30), where a similar structure emerged for
the electromagnetic dual-vector when using a pure CS lagrangian. Indeed, that
theory had the same physical content as the present theory. The polarizations
associated with perturbations of the scalar dof, or equivalently, electromagnetic
waves in 2+1 dimensions, are transverse to the direction of momenta. This will
be firmly established in subsection 3.1.1.
Finally, it is interesting to note that the E-field and B-field find a natural place
in the electromagnetic dual-vector, F∗ µ , introduced in eq(2 – 31):
F∗ µ =
1
2
αβµF
αβ =
−BEy
−Ex
 (3 – 5)
As promised in subsection 2.3.3, here it is checked whether the pure HS gauge
field formulation due to Fronsdal does indeed reduces to the theory described
above. This can be easily checked from the Fronsdal action eq(2 – 17).
1It may seem weird that the x,y component of the B-field were lost but not so for the E-field.
After all, Ex and Bx must have been pointing in the same x-direction? The answer lies in the
use of the word ‘crudely’. The cutting off of an entire dimensions in the matrix-representation
should only be read symbolically. That the B-field loses its components in 2+1 dimensions, can
be seen more elegantly from the last equation in eq(3 – 1).
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LFronsdal spin-1 = σ1 φµF µ
= σ1 φ
µ
(
ηµν − ∂µ∂ν
)
φν
(3 – 6)
Note, that this is the same as source-less Maxwell Lagrangian in eq(3 – 2)
(σ1 =
1
2
). Thus, the physics that shall follow from these two lagrangians will
necessarily be the same.
3.1.1 Propagator: Massless spin-1
Additionally, for future reference the propagator for massless spin-1 fields is de-
rived here. Propagators are important objects because of their fundamental role.
Abusing words, these objects transfer information between two sources. Consider
the equation of motion from the above lagrangian in the presence of a source-term.
Dµνφ
ν = σ1
(
ηµν − ∂µ∂ν
)
φν = Jν (3 – 7)
Classically, propagators are simply Green’s function for an equation of motion,
thereby allowing solutions for such inhomogeneous differential equations. They
describe how effects are propagated between multiple sources J1, J2, . . . , each
coupled to the same field φµ. Additionally in QFT, the boundary conditions
imposed on propagators can be solved in multiple ways leading to different causal
behaviours. For this thesis, only Feynman propagators will be considered, without
any further qualification.
To actually calculate the propagator, firstly it is noted that the differential
operator Dµν sandwiched in the bi-linear kinetic term in the lagrangian eq(3 – 6)
is degenerate due to gauge symmetry. Hence, to this lagrangian a gauge-fixing
term is added. The gauge-fixed lagrangian becomes:
L = LFronsdal spin-1 + Lξ−gauge
= σ1 φ
µ
(
ηµν − (1− 1
ξ
)∂µ∂ν
)
φν
(3 – 8)
This lagrangian is now in a gauge called the Rξ-gauge, and keeping the ξ term
explicit has several benefits: (a) track the behaviour of gauge terms through a
calculation, (b) allows one to use many popular gauge-choices in a neat manner,
among others. Obtaining the propagator is now straight-forward. The Dµν op-
erator in this gauge can be readily inverted by first going to momentum space.
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The propagator, in momentum space, is given as2:
Gµν =
−1
σ1
(
ηµν + (ξ − 1)kµkν
k2
k2
)
(3 – 9)
Firstly, that the excitations are massless is confirmed from the poles of the
above object. Secondly, for the physical components in the gauge field Aµ which
are actually propagated, the sign of the residue is positive (reminder metric signa-
ture is mostly minus). Additionally, that the A0 component comes with a wrong
sign is not threatening since the lagrangian has no kinetic-term for this compo-
nent. Finally, note that the propagating modes are transverse to the direction
of propagation or momenta kµ. One can check this by taking an inner product
of this propagator with momenta kµ. Only a ξ dependent pure gauge term will
remain, which being unphysical, can be removed with a gauge choice.
Thus, in this section Electromagnetism in 2+1 dimensions was studied. It
was shown to be equivalent to the theory obtained from the spin-1 case in the
HS Fronsdal formulation. Also, the propagator for this field was calculated,
confirming transverse unitary propagation of massless scalar excitations.
3.2 Massive Electrodynamics: Proca Theory
A simple and insightful modification of the theory of massless spin-1 fields pre-
sented above is to give the massless field a mass term, called the Proca term.
There are some important differences between the massive and the massless the-
ory. The proca mass term breaks gauge symmetry inherently present in the
massless theory. Thus, complications from gauge symmetry are absent in this
theory. Another major difference between the two theories comes from the dof’s
excited by the two theories. As was shown in section 2.4 and explicitly confirmed
in the section above, a massless spin-1 field in 2+1 is equivalent to a single scalar
dof. Whereas, a massive field in 2+1 carries 2 dof. As will be seen shortly, the
massive theory excites an additional dof which is longitudinal to the momentum.
The proca lagrangian is:
Lmassive spin-1 = LFronsdal spin-1 + Lproca
with: Lproca = 1
2
m2φµφµ
=⇒ Lmassive spin-1 = σ1 φµ
((
+m2
)
ηµν − ∂µ∂ν
)
φν
(3 – 10)
2Note - the Feynman +i prescription is inexplicitly understood. Also, usually these objects
come dressed with i’s and wave factors such as e−ikx. When performing further calculations,
these aesthetics will be given due care.
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And its equations of motion are:(
+m2
)
φν = 0
∂ · φ = 0 (3 – 11)
Contrasting the first equation with eq(3 – 4), it is clear that the field is now
massive. The first equation describes the massive kinetics of each component of
the proca-field. The second equation which has been derived from the lagrangian,
can be used to get rid of one component. This leaves only 2 components in the
proca-field. Thus, it is concluded that this theory describes the propagation of
two massive dof, which is inline with earlier arguments.
3.2.1 Propagator: Massive spin-1
Since, there is no gauge symmetry the propagator can be constructed readily.
First, the kinetic operator in the lagrangian is written in momentum space as:
D˜µν = σ1
((− k2 +m2) ηµν + kµkν) (3 – 12)
Demanding that the propagator Gµν is the inverse of the above object leads to:
Gµν =
−1
σ1
(
ηµν − kµkν
m2
k2 −m2
)
(3 – 13)
Solving for the poles of k0 in the above expression clearly demonstrates that the
excitations in the proca-theory are massive. Since, there is no kinetic term for the
A0 mode, the propagation described by the above propagator has correct sign for
the remaining components and hence describes unitary propagation. Considering
the m → 0 limit of the above propagator, it is noted that this object blows up.
Specifically, the k
µkν
m2
term. This is not an issue of major concern, neither does
it point to any discontinuity in the parameters of the theory. This is an artefact
of the longitudinal dof which was absent in the massless theory. This can be
understood in two ways: (a) through explicit construction of the polarization
vectors, and (b) by performing a Stu¨ckelberg analysis. Both of these methods
lead to useful insights and are presented respectively.
The numerator of the pole in a propagator is the sum of the polarizations that
are excited by the theory. In this case, there are two polarizations (λiµ(kµ), i =
(1, 2) for 2-dofs) which can be explicitly constructed from the eom’s as follows.
First, a momentum state is chosen for the field’s propagation:
kµ = (E, 0, ky)
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Next, the conditions that the polarization vectors have to satisfy are derived from
the eom eq(3 – 11):
kµλiµ = 0 & k
2 = m2
Finally, the polarization vectors can be explicitly constructed as:
λ1µ = (0, 1, 0) & λ
2
µ = (
ky
m
, 0,
E
m
) (3 – 14)
Note, there is one polarization which is transverse to the chosen momenta λ1µ
and another mass dependent polarization λ2µ which is longitudinal to the direction
of field’s propagation. Taking the massless m → 0 limit in these vectors will
clearly affect the latter polarization, and clarifies why the propagator was blowing
up. The explanation is that when m → 0, then E ≈ k and λ2µ becomes parallel
to the proca-photon’s momentum. Thus, its contributions dominate and they
cannot be ignored cheaply with a m→ 0 limit. However, the theory is continuous
in its mass parameter m, and the massless theory can be recovered by using an
appropriate projection operator. Indeed, if a complete calculation is performed
using massive proca-photons, the massless limit of any observable’s value will
be the same, had the calculations been done for massless photons. This is in
stark contrast with the vDVZ discontinuity observed in massive spin-2 Fierz-
Pauli theory and massless spin-2 in GR (discussed in subsection 4.3.2).
3.2.2 Insights from Stc¨kelberg Analysis - Proca Theory
It is very insightful to see that the theory is really continuous and propagates
nothing more that two scalar dof through a Stu¨ckelberg analysis. The continuity
of the theory will be seen as an outcome of the decoupling of the two scalar dofs.
This will not be the case in the Stu¨ckelberg analysis for spin-2 fields, where one
of the scalar mode does not decouple from the theory (section 4.4). Stu¨ckelberg
analysis involves a chain of field redefinitions, and through such a trick many
caveats in a theory can be unearthed.
The formal meaning of the Stu¨ckelberg formalism is easier to understand when
the field in question has considerably high spin. Thus, the ideas of the formalism
itself and their role is discussed in section 4.4, where this formalism is used for
the theory of massive spin-2 fields.
Caveat: The theory described after a Stu¨ckelberg field redefinitions will be
equivalent (as in a derived theory), but not equal to the original proca theory.
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This is because, in essence, a Stu¨ckelberg analysis diagonalizes the original la-
grangian, thereby mixing all the dofs completely. 3 This will become clear shortly.
The field redefinition is:
φµ = ψ
T
µ + ∂µχ (3 – 15)
Here, ψTµ is demanded to be a transverse vector field, additionally satisfying
4,:
∂µψTµ = 0 (3 – 16)
And χ is a scalar field. Plugging this redefinition in the proca lagrangian in
eq(3 – 10), gives the following new lagrangian.
Lmassive spin-1 = Lψ + Lχ
where:
Lψ = σ1 ψTµ
(
+m2
)
ψTµ
Lχ = −σ1 m2 χ  χ
(3 – 17)
There are several key points to note: (i) Terms with both fields ψ and χ (mixed
terms) in the lagrangian, signalling a possible interaction between the two fields ψ
and χ get dropped out. This is, what was, meant by the de-coupling of the scalar
mode. (ii) The importance of minus sign between the  and ∂µ∂ν in eq(3 – 7) is
understood5. (iii) Usually, a Stu¨ckelberg field redefinition also introduces a gauge
symmetry. This is not present in the lagrangian above, because the ψ field was
demanded to be transversal (see subsection 3.4.2 for a more general analysis with
the gauge symmetry clearly present).
Before proceeding, the χ field is rescaled as χ → 1
m
χ. Thus, the equations of
3To muse, this is like rotating a vector. Even though the vector’s description in terms of its
components will change, the object in itself, obviously, remains the same.
4Note - some sloppiness has creeped in, and the reader is hereby alerted. A Stu¨ckelberg
analysis usually only involves the introduction of new fields, with no presupposed conditions
on them [5]. Imposing the transversality condition here has the effect of fixing a gauge. This
allowed for a quicker route to the completely decoupled lagrangian. The name Stu¨ckelberg is
used here as an umbrella term for all such tricks. For a general analysis with no presupposed
condition see subsection 3.4.2. For the meaning and the role of the Stu¨ckelberg formalism see
section 4.4.
5Constructing the propagator while doing a very general analysis by using coefficients like a
for  and b for ∂µ∂ν in the lagrangian, one clearly sees that there is an additional higher-derivate
ghost mode riding in with the scalar field χ. This is evaded by setting a = −b. Although, the
author chose not to present such calculations, they are quite general to do and convince oneself
upon the necessity of such particular signs.
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motion for the two Stu¨ckelberg fields from their respective lagrangian are:
For ψTµ :(
+m2
)
ψTµ = 0
∂µψTµ = 0
For χ :
χ = 0
(3 – 18)
Neat. The dofs in the original proca-lagrangian have split into one massive dof
ψ and one massless dof χ. While deriving these eoms it becomes clear that both
the fields ψ and χ are affected by the presence of the proca-mass m (in fact this
is already seen at the lagrangian level). By putting m → 0 in the Stu¨ckelberg
lagrangian, it is concluded that the addition of the proca term has the following
two affects:
• It makes the original massless dof, from the massless spin-1 theory, massive.
Since the ψ field becomes massless on putting proca mass m → 0, the dof
in ψ field can be seen as the massive version of the massless dof from the
massless theory.
• The proca mass term also excites a new separate dof, which was not present
in the massless theory. Since the lagrangian of the χ field completely drops
away on putting m → 0, this confirms the said effect. This dof does not
interact or couple with other dof/or external sources and this makes Proca
theory, continuous in its mass m parameter.
There is something unusual going on: The χ field which is a massless scalar,
de-couples from the system when m→ 0. Thus, strangely, it seems that the proca
mass term has excited a massless scalar dof. Why would a mass term excite a
massless dof? This also contradicts the original eom in eq(3 – 11), which suggests
that all components of the field φ are massive. The solution of this dilemma lies
in realizing that the Stu¨ckelberg field redefinitions have mixed all dofs. This
confirms, that the effect of the Stu¨ckelberg analysis is itself equivalent to that of
diagonalizing the lagrangian.
Thus, an interesting aspect has emerged. The original massless dof (from the
massless theory of section 3.1) is still present in the proca theory, albeit as a
massive dof. And upon diagonalizing this system, the newly excited dof emerges
as a massless dof. This setup is reminiscent of the Higgs mechanism. Indeed,
the Stu¨ckelberg analysis corresponds to a special limit of the Higgs mechanism,
in which the self-coupling λ of Higgs is taken as λ → ∞: thus a massive Higgs
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decouples and has disappeared, and what has remained is a massless goldstone
boson χ.
Before closing this section, the propagators for the two fields ψ and χ are
quickly discussed.
Gµνstu¨ck-ψ =
−1
σ1
(
ηµν
k2 −m2
)
Gstu¨ck-χ =
1
σ1
(
1
k2
) (3 – 19)
It is seen that these propagators describe unitary propagation for both the dofs
(Note - for the ψ field: the time component was not excited right from the start,
hence the sign is correct; and due to its transversal nature there is only one
independent component in ψ). These propagators reaffirm the above mentioned
observations. Additionally, the massless limit of these two propagators behaves
as expected: the massive mode turns into a well-behaved massless mode and the
massless field χ remains unaffected (though it gets dropped at the lagrangian
level itself.).
With such an analysis, the affect of giving a mass-term to the massless theory
is now crystal-clear. An executive summary follows: Giving a proca mass term to
the spin-1 massless field resulted in a theory with two dofs (which is inline with
the group theoretical arguments of section 2.2). This theory does not possess
gauge symmetry, but such a gauge symmetry can be re-introduced as done in
the Stu¨ckelberg analysis. To identify each dof in the theory, the propagator for
massive spin-2 field was calculated, eq(3 – 13). This propagator confirmed uni-
tary propagation but did not have a well-defined massless limit. Further insights
were gained by explicitly constructing the polarization vectors and performing a
Stu¨ckelberg analysis. It can be concluded that the two excitations in the Proca
theory are massive excitations. These could be further disentangled into a mass-
less and a massive scalar mode. Their propagator has correct sign for unitary
propagation and their massless limit is well-defined.
3.3 Topologically Massive Electrodynamics
There is yet another mass generating mechanism. This comes from the interplay
of metric-based terms in the bulk and CS terms with their effects on the boundary
of a manifold. Such a theory for spin-1 is called Topologically Massive Electrody-
namics (TME). This theory provides a completely independent gauge-invariant
mechanism for generating mass. Such a mechanism has important effects in fields
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like Condensed Matter Physics and may have many important consequences for
fundamental physics in near future.
The ingredients for constructing such a theory were already introduced in chap-
ter 2 on high spin field theory. The strategy is to use the Fronsdal construction
to provide a “kinetic-term” for the spin-1 field and then to give it a mass by
adding a CS “mass” term. Throughout this thesis, the Fronsdal term and the CS
term will be referred to as the kinetic term and mass term, respectively, yet these
labels are not very accurate. It was seen in section 2.5, that a pure CS term can
also lead to a kinetic term in the lagrangian6. Thus, these labels “kinetic term”
and “mass term” in this context should only be seen as traditional notions for
classifying and easy communication. With the strategy now laid out, the TME
lagrangian follows (µφ is used to indicate the relative coefficient of the two terms.
This will turn out to be the mass of the field φ.):
LTME = Lkinetic + µφ Lcs
where:
Lkinetic = σ1 φµF µ
Lcs = σ1 φµ∂αανµφν
together:
LTME = σ1 φµ
(
ηµν − ∂µ∂ν + µφ ∂αανµ
)
φν
(3 – 20)
The equations of motion coming from LTME are:
φµ − ∂µ ∂ · φ+ 2µφ ανµ∂αφν = 0 (3 – 21)
Note, due to the single derivative in the CS term it contributes twice in the eom.
Next this eom can be written in terms of both the electromagnetic field strength
tensor and its dual vector. This gives the following equations:
∂σFσµ + µφ ανµF
αν = 0(
∂σσµν + µφ ηµν
)
F∗ ν = 0
Kµν F
∗ ν = 0
(3 – 22)
To obtain the massive nature of the excitation in this theory, the following is
considered:
KµαKµν F
∗ ν = 0 (3 – 23)
6Note: that for the case of spin-1 a modified lagrangian was needed. See subsection 2.5.1
for details.
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Following this calculation through, one obtains:(
+ µ2φ
)
F∗ α = 0
∂α F
∗ α = 0
(3 – 24)
At last, the massive nature of the dof emerges. In deriving these equations
the definition of the dual vector eq(3 – 5) was used, which also implies the last
equation above. Thus, it is noted that the parameter µφ quantifies the mass of the
dof described by the lagrangian LTME in eq(3 – 20). One can notice, again, that
there is no kinetic term for the φ0 component in the lagrnagian. Thus together
these two equation suggest that this system describes one single massive dof. The
derivation of this equation brings about some interesting points: (a) The number
of dof and its massive nature does not agree with the group theoretical counting
presented in the last chapter. Although intriguing, this is simply due to the
fact that group theoretic arguments presented in the last chapter do not probe
topological effects; (b) that the operator Kµν factorizes the operator
(
+ µ2φ
)
in
2+1 dimensions; (c) unlike, the proca-massive theory, this theory does not add
any dof but makes the massless dof massive. The last observation is not quite
general, since the theory of TMG describes a spin-2 massive particle whereas GR
in 2+1 has no dof, at all.
Under a gauge transformation of the field φ : δφµ = ∂µξ, this lagrangian
transforms as:
L → L+ δL
where: δL = σ1 µφ ∂µ
(
ξ ανµ∂
αφν
) (3 – 25)
It is seen that the CS terms transforms by a total-derivative only. Although,
transformations by a total derivative does not bear any effect on the equations of
motion, such transformations bring out the topological nature of this theory. This
will be addressed in subsection 3.3.3, where other interesting features associated
with this theory are collected.
The peculiar massive dof excited in this theory will now be studied by con-
structing a propagator for this theory. Subsequently, a Stu¨ckelberg analysis will
be made.
3.3.1 Propagator: TME
To calculate the propagator in this theory, it is imperative to start by fixing the
gauge. As in the massless case, this is done in Rξ-gauge. The lagrangian becomes:
LTME ξ-gauge = σ1 φµ
(
ηµν − (1− 1
ξ
) ∂µ∂ν + µφ ∂
αανµ
)
φν (3 – 26)
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Inverting the kinetic operator, sandwiched above, follows the same steps as before.
Going to momentum space this gives the following propagator:
Gµν =
−1
σ1
(
ηµν − kµkν
µ2φ
+ i
µφ
µνρkρ
k2 − µ2φ
+
+k
µkν
µ2φ
− i
µφ
µνρkρ
k2
+ ξ
kµkν
k4
)
(3 – 27)
This propagator seems to have 3 poles, but not all of these are independent
or physical. For, seeing the propagating dofs more clearly, this object can be
simplified. The last pole clearly corresponds to pure gauge dof, since a gauge
choice of ξ = 0 kills that piece. Such a gauge choice corresponds to the Lorenz
gauge condition i.e. ∂ ·φ = 07. In this gauge, the above propagator can be further
simplified to the following form:
ξ = 0; Gµν =
−1
σ1
(
ηµν − kµkν
k2
+
iµφ
k2
µνρkρ
k2 − µ2φ
)
(3 – 28)
The poles from this simplified propagator confirm that there is only one massive
dof. Contracting this object with a momentum state clarifies that this dof is
transversal. Recall that in the massless theory there was only one dof which was
also transversal. The effect of adding the CS term to the Maxwell lagrangian
(eq(3 – 2)), can be seen explicitly by considering µφ → 0 limit in the propagator
in eq(3 – 27). By carefully mixing all terms first, one obtains:
lim
µφ→0
Gµν =
−1
σ1
(
ηµν + (ξ − 1)kµkν
k2
k2
)
(3 – 29)
This is exactly the same as the propagator in eq(3 – 9) obtained for the massless
theory. This suggests that the addition of the CS-term has lead the massless dof
to obtain a mass. This is also the reason why a CS term in such works, is usually
referred to as the mass term.
3.3.2 Insights from Stu¨ckelberg Analysis - TME Theory
The theory described before, can be further analyzed with a Stu¨ckelberg analysis.
The results shall not be surprising. To begin with, the same field redefinitions,
from subsection 3.2.2, are used here. For convenience, they are reproduced:
φµ = ψ
T
µ + ∂µχ (3 – 30)
7There are other important gauge choices such as the Feynman-’t Hooft gauge (ξ = 1),
Unitary gauge (ξ →∞) etc.
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As before, the φ field is thought of as a sum of a vectorial field ψ and a
scalar field χ. The vector ψ is also assumed to be transversal8. Plugging, these
definitions back into the lagrangian LTME produces the following new lagrangian:
LTME = Lψ + Lχ
where:
Lψ = σ1 ψTµ
(
ηµν + µφανµ∂α
)
ψTν
Lχ = 0
(3 – 31)
Since, there is no proca mass term to excite the scalar field χ, its lagrangian
is trivially zero. Also, due to the transversality condition imposed on field ψ,
its lagrangian has turned into an easier expression. There is a price paid for
this. This comes from noting that under these field redefinitions, the above
lagrangian has lost its gauge symmetry. Under a gauge transformation of type:
ψµ → ψ′µ = ψµ+∂µζ, a term proportional to the gauge parameter ζ remains (apart
from the total derivatives coming from the CS term). This is not a problem, since
the aim of this analysis is to look at the physical content only.
Looking at the particle spectrum, the lagrangian above makes the dof count
clear. The transversality condition, along with the continued absence of a kinetic
term for the 0-component already kills 2 components. Thus, the ψ field propa-
gates only one massive dof. That this dof is massive can be checked by looking
at its propagator. This is:
Gµνstu¨ck-ψ =
−1
σ1
(
ηµν +
kµkνµ2φ
k4
− iµφ
k2
µνρkρ
k2 − µ2φ
)
(3 – 32)
The poles clearly confirm the massive nature of this excitation. Interestingly,
although the kµkν piece is absent from the lagrangian of the ψ field, the CS term
excites such pieces in the propagator. This again serves as a gentle reminder that
the role of the CS term is not restricted to a mass-generating term. This is quite
different from other mass terms, such as a proca mass term.
Finally, this Stu¨ckelberg analysis along with the massless limit of the complete
propagator in eq(3 – 29) for the TME lagrangian makes it clear that the presence
of the CS term in the Maxwell lagrangian has turned the massless dof into a
massive one. This is not the only interesting feature of this theory. There are
many others, of which some are discussed now.
8Any analysis done without this assumption will obviously lead to the same physics (see
subsection 3.4.2 for a more general analysis). This assumption simply allows for an easier
quicker route.
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3.3.3 Peculiarities of TME
The following list is, empathetically, not comprehensive. It is, merely, suggestive:
1. Parity and Time-Reversal: The CS term seen above violates both
parity and time-reversal. Infact, this is not specific to TME and is true for
the CS term of HS gauge fields as well as the mass term for fermions in 2+1
dimensions.
2. Topological Connection: The gauge transformation of TME in eq(3 – 25),
shows that this lagrangian is gauge invariant upto total-derivatives. More-
over, when studying the gauge properties of the exponentiated action, TME
is gauge invariant for small gauge transformations only. For large gauge
transformations, the action changes by a finite interval. This corresponds
to the topological quantity known as winding number. This also suggests
that the CS mass should be quantized.
3. Induced Mass: As was mentioned in chapter-1, one need not start with
a theory of topologically massive photons. A theory in which these gauge
bosons are interacting with fermions will induce the CS mass. This will be
explicitly calculated for a slightly different scenario in chapter 6.
4. Anyons: The irreducible representations studied in the last chapter also
allow for massless particles with continuous spins. These particles, in stark
contrast to Fermi-Boson statistics, allow fractional statistics.
3.4 Massive Electrodynamics: Proca-Chern-Simons
As a finale to this chapter, one of the more interesting and, perhaps, natural
theory to consider, is a theory of spin-1 fields where both these mass-generating
mechanisms are simultaneously present. The analysis and outcome of this section
can be seen as a preparatory step for analysing a similar theory for spin-2 fields
in section 4.6 for massive gravity.
The setup for studying this Proca-Chern-Simons (PCS) massive electrodynam-
ics, naturally follows the structure established in the preceding sections. A kinetic
term is taken from the Fronsdal formulation. Two mass terms are taken from
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both proca theory as well as the pure CS theory. The resulting lagrangian is:
LPCS = Lkinetic + Lproca + µφ Lcs
where:
Lproca = 1
2
m2φµφµ
Lkinetic = σ1 φµF µ
Lcs = σ1 φµ∂αανµφν
together:
LPCS = σ1 φµ
((
+m2
)
ηµν − ∂µ∂ν + µφ ∂αανµ
)
φν
(3 – 33)
One immediately notices that the proca mass m breaks gauge invariance of the
lagrangian. Other than that, all the terms present in this lagrangian have already
been discussed at length in this chapter. Proceeding on, the equations of motion
are: (
+m2
)
φµ − ∂µ ∂ · φ+ 2µφ ανµ∂αφν = 0 (3 – 34)
It is not immediately clear, how many dof are present or what is the nature of
the excitations in this theory. To address the first question, taking a divergence
of the above equation is of help. It leads to the condition:
∂ · φ = 0 (3 – 35)
The original eom were three equations for the three components in the field φ.
The above condition can be used to eliminate one of these components. Thus, it
is now inferred that there are 2 dofs present in the system. To answer the second
question above, regarding the massive/massless nature of these dofs, constructing
a propagator seems necessary.
3.4.1 Propagator: Massive spin-1 PCS
While constructing the propagator, one meets a new feature of the field-theoretic
language which was not discussed before. A mass-mixing polynomial. That
is, when inverting the kinetic operator sandwiched in the above lagrangian, the
determinant of this operator appears as a fourth order polynomial in momenta
kµ (only second order in k
2), with the masses m and µφ acting as coefficients.
This polynomial is:
(k2 −m2)2 − k2µ2φ = 0 (3 – 36)
3.4. Massive Electrodynamics: Proca-Chern-Simons 45
Factorizing this polynomial is necessary to express the propagator as a sum of
poles. It is factorized by two functions f1,f2 of the masses m and µφ given by:
f1 =
1
2
(√
µ2φ + 4m
2 + µφ
)
f2 =
1
2
(√
µ2φ + 4m
2 − µφ
)
factorizing:
(k2 −m2)2 − k2µ2φ = (k2 − f 21 )(k2 − f 22 )
(3 – 37)
Although, not very complicated it is interesting to note how the two masses
interact and mix in the mass-functions f1 and f2. Needless to guess, these two
mass-mixing functions appear as the two masses in the poles of the propagator.
The propagator can now be written as:
GµνPCS =
−1
σ1
1
f1 + f2
(
Y µν1
k2 − f 21
+
Y µν2
k2 − f 22
)
where:
Y µν1 = f1
(
ηµν − k
µkν
f 21
+
i
f1
µνρkρ
)
Y µν2 = f2
(
ηµν − k
µkν
f 22
− i
f2
µνρkρ
)
(3 – 38)
There certainly is a pleasant symmetry in the above propagator with respect
to the exchange of the mass functions f1 ↔ f2. This is spoiled by the sign in
front of the CS term. The functions f1 and f2 themselves differ by a sign for the
mass µφ in the same term. The above propagator clearly determines that in the
PCS theory there are two massive dofs. The two mass-generating mechanisms
are simultaneously present and they talk with each other. At this stage, both the
dof are massive and their masses are functions f1 and f2 of the original masses.
It was shown that the proca mass m excites two massive dof: which upon
further analysis showed that there was one massless dof mixed with a massive
scalar dof. In the PCS theory, one might expect that the two massive dofs f1
and f2 are simply a mixture of the massive dof coming from the proca term and
massive version of the massless dof coming from the CS term. These expectations
emerge directly from studying the two limiting cases for the mass functions f1
and f2. Consider these limits:
m→ 0 =⇒ f1 = µφ f2 = 0
µφ → 0 =⇒ f1 = f2 = m
(3 – 39)
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Thus, on setting the proca mass m → 0, the CS massive version of the original
massless dof survives in the function f1. Whereas, both functions f1 and f2 remain
massive on setting the CS mass µφ → 0. This also confirms the conclusions drawn
in subsection 3.2.2, upon the effect of adding a Proca term to the massless theory.
Studying limits
Since the 0-component of the original field φ never had a kinetic term in the
lagrangian, the propagator above has correct sign for other components, and this
signals unitary propagation. It is interesting to consider how this propagator
behaves under different limits. It maybe expected that this propagator would
reduce to the propagator from the Proca-theory for µφ → 0, and conversely for
m → 0 to the TME propagator. Further putting both masses to zero, should
result in the massless propagator. These limits can be implemented through
their corresponding limits in terms of the mixed masses f1 and f2.
• Proca mass m → 0: Plugging the limit, one sees that the kµkν
f22
term in
the Y2 piece is blowing up. This is the same scenario as when the massless
limit of the propagator in proca theory was considered in subsection 3.2.1.
Ignoring this term, the rest of the propagator neatly reduces to:
lim
f1=µφ,f2=0
G′µν =
−1
σ1
(
ηµν − kµkν
k2
+
iµφ
k2
µνρkρ
k2 − µ2φ
)
(3 – 40)
This is exactly the same as the Lorenz gauge propagator for TME in
eq(3 – 40). There is a prime above to indicate that the blown-up term
has been simply ignored. Although this is not the right-way, yet as the
cause of blowing up is definitely understood there is no conceivable harm.
A more elegant propagator will be made through a Stu¨ckelberg analysis.
Further note, that putting µφ → 0 in this object simply gives the massless
propagator from eq(3 – 9) (again in Lorenz gauge).
• Chern-Simons mass µφ → 0: This is a more elegant limit, since noth-
ing blows up in this scenario. Putting in the limit the propagator simply
becomes:
lim
f1=f2=m
Gµν =
−1
σ1
(
ηµν − kµkν
m2
k2 −m2
)
(3 – 41)
This is exactly the same as the propagator for the massive proca theory in
eq(3 – 13). Further, the m→ 0 limit of this object was discussed in detail
in subsection 3.2.1.
Having seen the propagator for the PCS theory in different limiting scenarios,
all the expectations made from this study are confirmed. Indeed, the two massive
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dof propagated in the PCS theory are mixtures of the two original mass-generating
mechanisms. The theory contains the two massive dof excited by the proca term
mixed with the massive version of the massless dof due to the CS term. Thus, the
two mechanism talk with each other and their discussion is encoded in eq(6 – 5).
Further study of this theory can be done through a Stu¨ckelberg analysis.
3.4.2 Insights from Stu¨ckelberg Analysis - PCS Theory
Before presenting the actual details of the calculation, it is worthwhile to pause
and develop an expectation for the results from this subsection. A Stu¨ckelberg
analysis has been done twice already: for proca theory in subsection 3.2.2 and
for TME theory in subsection 3.3.2. Based on the observations gathered earlier,
one can guess that the Stu¨ckelberg field redefinition should diagonalize the PCS
lagrangian into a massive mode and a massless mode. Since the massless mode
was absent in the Stu¨ckelberg analysis for TME theory, it can be expected that if
this mode has to reappear it should not be related to the CS mass µφ. Moreover,
since both modes were present in the proca case, this suggests that both modes
should be present in the current case as well and they should definitely depend
on the proca mass m. Having such a general idea, the real calculations are now
presented.
The same field redefinitions are used here from the earlier Stu¨ckelberg analysis.
This is, for convenience, reproduced here from eq(3 – 30):
φµ = ψ
T
µ + ∂µχ (3 – 42)
Under these definitions, the lagrangian becomes upto total derivatives:
LPCS = Lψ + Lχ
where:
Lψ = σ1 ψTµ
((
+m2
)
ηµν + µφ ∂
αανµ
)
ψTν
Lχ = −σ1 χ  χ
(3 – 43)
No surprises. The Stu¨ckelberg trick has again done a neat job of separating
the two dofs into a massive and a massless mode. As a consequence, both the
mass-generating mechanism are seen to be acting on the same single dof in the
ψ field, leaving the other completely untouched. However, since the χ field has
already been rescaled as χ → 1
m
χ, it shows the same behaviour as in the proca
analysis, i.e. it will drop from the lagrangian in the limit m → 0. The remarks
made above, continue to stand.
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Having demanded transversality for the field ψ, this lagrangian does not possess
any gauge symmetry. In order to restore this gauge symmetry, the transversality
condition must be relaxed. To pursue this objective, a new field redefinition is
necessary.
φµ = Ψµ + ∂µχ
′ (3 – 44)
There are no presupposed conditions or demands on the new fields Ψ and χ′.
Under this redefinition, the PCS lagrangian becomes:
LPCS = LΨ + Lχ′ + Lmix
where:
LΨ = σ1 Ψµ
((
+m2
)
ηµν − ∂µ∂ν + µφ ∂αανµ
)
Ψν
Lχ′ = −σ1 χ′  χ′ after: χ′ → 1
m
χ′
Lmix = mΨµ∂µχ′
(3 – 45)
The above lagrangian has a new term Lmix, where the scalar field χ′ is coupled
to the vector Ψ. If the the Ψ field has been transversal, one immediately notices
that this mixing term will be dropped (upon partial integration). This partly
justifies the quicker route taken before. The other part, of this justification, will
come from demonstrating that this lagrangian does indeed describe the same
physics as the lagrangian in eq(3 – 43). Too this end, the first imperative step
is to deal with Lmix. Here, gauge freedom comes to rescue. Since, the Ψ field is
not transverse, the above lagrangian is gauge invariant! For an arbitrary gauge
parameter ζ, the gauge transformations are:
ψµ → ψ′µ = ψµ + ∂µζ
χ′ → (χ′)′ = −mζ (3 – 46)
A gauge choice is made by demanding the following:
∂ ·Ψ−mχ′ = 0 (3 – 47)
which forces the gauge parameter to satisfy
(
+m2
)
ζ = 0 (3 – 48)
Upon adding the following gauge-fixing term:
Lgauge = −σ1(∂ ·Ψ−mχ′)2 (3 – 49)
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The lagrangian in eq(3 – 50) becomes:
LPCS = LΨ + Lχ′
where:
LΨ = σ1 Ψµ
((
+m2
)
ηµν + µφ ∂
αανµ
)
Ψν
Lχ′ = −σ1 χ′
(
+m2
)
χ′
(3 – 50)
The use of gauge choice to get rid of the mixing term was successful. The
above lagrangian is clearly diagonalized. However, in this process the χ′ field has
picked up a mass term. If one is worried at this point, that a Stu¨ckelberg analysis
without the transversal demand has given the χ′ field a mass-term whereas the
χ was massless in the other scenario, attention is drawn to eq(3 – 47). Through
the gauge choice that was made, one sees clearly that the transversal condition
∂ · Ψ has been exchanged for a massive χ′. This continuous interplay between
field-redefinitions, massless/massive nature of a field is a remarkable feature of
the field-theoretic language. One can continue this chain of field-redefinitions
until one sees the actual physics come-forth clearly.
In the above form of the lagrangian, the Stu¨ckelberg trick allows one to see
the physical content of the PCS theory very explicitly. The dof count for the
above lagrangian goes as follows: Ψ and χ′ field together require 4 components
for their description. The gauge condition can be used to remove one of them.
And since, the 0-component of the Ψ field never had a kinetic term, leaves only
2 independent components. Thus, there are two massive dof in the PCS theory.
In addition to the proca mass, the Ψ field also enjoys a CS mass.
This chapter is now concluded with a short summary. In this chapter, the theo-
ries of massive fields of spin-1, and their interplay was studied. A brief discussion
of planar physics confirmed the scalar nature of the massless excitation. The
proca theory had two massive dofs, which were further investigated by the polar-
ization vectors and a Stu¨ckelberg analysis. The theory of topologically massive
electrodynamics was introduced and its peculiarities looked into. This theory had
one single massive excitation. Finally, a theory with both mass-generating mech-
anisms was considered. This theory had two massive dof, which were mixtures of
the underlying proca mass m and CS mass µφ.
Onwards to gravity.

Chapter 4
Fields of Spin-2
“Now my own suspicion is that
the Universe is not only queerer
than we suppose, but queerer
than we can suppose.”
J. B. S. Haldane[52]
The theory of General Relativity was briefly commented upon in chapter 1.
The motivations for modifying gravity, especially for studying theories of massive
gravity were also detailed in that chapter. In the last chapter, various theories
of spin-1 fields, massive as well as massless were considered. This chapter can
be seen as a logical extension of the same analysis to fields of spin-2. Multiple
theories of spin-2 fields, massive and massless, will be studied in detail here. Al-
though, the methods and, perhaps, the character of theories considered here is
generally similar to the theories from the preceding chapter, in part due to the un-
derlying field-theoretic framework, the analysis involved, however, is necessarily
more complicated.
Gravitational interactions are the results of an interplay between “sources”
(acting as gravitational charges) of such interactions and the gravitational field.
Anything which possesses energy, momentum, and even pressure is coupled to the
gravitational field and can act as a source for an interaction. The gravitational
field is said to mediate these interactions. This field is the only known example
of fundamental spin-2 field. That it is a field of spin-2, is concluded from the
following facts[19]:
• The spin of the field must be even. This is because fields of odd spin allow
positive and negative charges in their abelian gauge-group algebra leading to
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two different behaviours, namely attraction and repulsion (Example: elec-
tromagnetism with positive and negative electric charges)1. An important
characteristic feature of gravitational effects is their universality: particles
and anti-particles have the same response to gravity2. This implies that the
gravitational field must be of even spin.
• The gravitational field is known to couple to the energy-momentum tensor
Tµν , which acts as a source. Since this tensor is not a scalar, that rules out
spin-0 fields and clearly suggests spin-2 nature of the gravitational field. 3
• Additionally, polarization modes of a wave/perturbation in a field can also
be used to deduce the spin of the field. If a polarization mode is invariant
under a rotation of angle θ, then the spin-s of the field is:
s =
360◦
θ
The polarization modes for spin-1 fields were vectors, and they required a
full rotation of 360◦, to return to their original configuration. The polariza-
tion modes of gravitational waves are invariant under a rotation by 180◦,
suggesting that the gravitational field is spin-2.
Although, GR in 3+1 dimensions is a standard textbook material, GR in 2+1-
dimension differs notably. The next section is devoted to planar gravity, bringing
out its odd behaviour and fixing notation for further work.
4.1 Perspective: Gravity in 2+1 Dimensions
When the theory of Electromagnetism in 2+1 dimensions was discussed in sec-
tion 3.1, it was seen that the magnetic field B was a pseudo-scalar. When com-
pared with the corresponding field in 3+1 dimensions, the nature of the electro-
magnetic field was, therefore, found to be contrastingly different in 2+1 dimen-
sions. Namely, the massless spin-1 field behaved as a scalar and had only one
transverse physical propagating dof. Given that GR is, inherently, dependent as
well as constructed out of geometric properties of the spacetime manifold, it can
1Non-abelian groups allow for more than two kinds of charges. Example: the colour charge
of quarks in QCD has three types labelled red, blue and green.
2There are experiments underway to establish this more firmly (see [53])
3Interestingly, the guiding principles used by Einstein (General Coordinate Invariance, and
the Weak Equivalence Principle) to develop GR can also be satisfied by a spin-0 scalar field
(the Einstein-Fokker theory [5]). Remarkably, in spite of the lack of modern terminology for
classification of fields through their mass and spin, Einstein’s theory of GR is a nonlinear theory
of massless spin-2 fields.
4.1. Perspective: Gravity in 2+1 Dimensions 53
be expected that planar GR will be drastically different in physical content than
GR in 3+1 dimensions.
An elegant starting point for GR, in any dimensions, is provided by the Einstein-
Hilbert action. This action can be succinctly stated as (omitting possible cosmo-
logical constant and source terms):
SEH =
∫
ddxLEH
where:
LEH = −1
2
Md−2pl
√
|g| R
(4 – 1)
The minus sign comes from the chosen metric signature, the factor of half is in
accordance with the usage of reduced Planck’s mass Mpl,
√|g| is the square-root
of the determinant of metric gµν and R is the curvature/Ricci scalar.
Varying this action with respect to the inverse of the metric tensor, leads to
the non-linear Einstein Field equations:
Gµν = Rµν − 1
2
Rgµν = 0 (4 – 2)
These, apparently innocuous looking equations, are the vacuum Einstein field
equations. Gµν is called the Einstein tensor and Rµν is the Ricci tensor. This
equation relates the curvature in the spacetime manifold encoded in the Ein-
stein tensor with sources of curvature and a possible cosmological constant. The
above equation (without matter sources) describes the behaviour of the gravi-
tational field gµν in vacuum. In 3+1 dimensions, the absence of sources does
not necessarily imply uninteresting lifeless physics. Not surprisingly, there exist
gravitational waves corresponding to local physical propagating dofs, which are
perturbations in the gravitational field itself.
However for 2+1 dimensions without a cosmological constant, the above equa-
tions imply that there is no curvature and all solutions are flat Minkowski so-
lutions. Whether or not gravitational waves exist in 2+1 dimensions can be
quickly established with a quick dof count. This is now done for an arbitrary
d dimensional manifold. Being symmetric in the two indices, the above eom
is actually d(d+1)
2
separate equations for the d(d+1)
2
components in the symmet-
ric tensor field gµν . GR is invariant under redefinition of coordinates (general
coordinate invariance), thus this can be used to eliminate d components. Addi-
tionally, the Einstein tensor is divergenceless: ∇µGµν = 0. This follows from the
twice-contracted Bianchi identity (here ∇µ is the covariant derivative). This kills
d more components, leaving:
dof GR =
d(d+ 1)
2
− d− d = d(d− 3)
2
(4 – 3)
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Thus, in 3+1 dimensions (d = 4), there are 2 local physical propagating dof
allowed in Einstein’s theory of GR. These correspond to gravitational waves,
which were directly observed in 2015 for the very first time[2]. This is also in
agreement with the general dof count for massless fields from section 2.4 (see
eq(2 – 22)). Plugging d = 3 in the above formula, implies that the number of
propagating dof for gravitational fields in 2+1 dimensions is 0! This is one of the
most striking differences between GR in 2+1 and 3+1 dimensions. The vanishing
of propagating dof in 2+1 dimensions is a generic feature of planar physics, true
for all massless HS fields. For GR, this can also be expressed in terms of purely
geometrical quantities which are used to describe a manifold’s curvature. This
would require a decomposition of the Riemann curvature tensor which is detailed
in the next section.
4.1.1 Decomposing Curvature: The Riemann Tensor
The information regarding presence of curved spacetime, or equivalently curva-
ture, in a manifold is encoded in an object called the Riemann tensor. The
Riemann curvature tensor Rµναβ is an object with 4 indices and many internal
symmetries. If this object is zero at any point on a manifold, then this is a definite
indication of the absence of curvature at that point. A tensor of rank-4 without
any special properties will require d4 components, for its complete specification.
Thankfully, the Riemann tensor has many symmetries and after accounting for
all such symmetries, there are d
2(d2−1)
12
independent components in this tensor.
This means that for d = 4: 20 numbers and for d = 3: 6 numbers, are required
to completely describe the local curvature at any point on the manifold.
Dealing with these components can be made manageable by decomposing the
Riemann tensor. Depending on their properties, these decompositions can be
grouped together into different tensorial objects. A general decomposition of the
Riemann tensor into traceful and traceless part, in terms of arbitrary tensors
would look like:
Rµναβ = a1gµνAαβ + a2gµαAνβ + a3gµβAνα + a4gναAµβ + a5gνβAµα + a6gαβAµν
+B
(
b1gµνgαβ + b2gµαgνβ + b3gµβgνα
)
+ c1Cµναβ
(4 – 4)
Aµν , B,and the traceless Cµναβ are 3 generic tensors, and ai, bj and c1 are 10
unknown coefficients. The idea is to find out how the information in the Riemann
tensor can be distributed over the 3 generic tensors. Step one in finding this out
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is to force the symmetries of Riemann tensor on the RHS. This gives:
a1 = a6 = 0
a2 = −a3 = −a4 = a5
b1 = 0 b2 = −b3
c1 absorbed in Cµναβ
(4 – 5)
Using these relations, the above decomposition simplifies to:
Rµναβ = a2(gµαAνβ − gµβAνα − gναAµβ + gνβAµα)
+ b2B
(
gµαgνβ − gµβgνα
)
+ Cµναβ
(4 – 6)
Of the many possible decompositions, three will be presented here. These are
given by three different choices of the tensors Aµν , B,and Cµναβ. These are:
1. Choice A: This is the conventional choice. Tensor Aµν is identified with
the Ricci tensor Rµν and B is identified with curvature scalar R. The
decomposition is complete on determining coefficients a2 and b2 :
a2 =
1
d− 2
b2 =
−1
(d− 1)(d− 2)
(4 – 7)
The Einstein field equations are expressed using this choice, and they de-
scribe the traceful part of the Riemann tensor. The Einstein tensor Gµν ,
being symmetric in its two indices has d(d+1)
2
components, which for d = 4
means 10 components. The Einstein field equations in eq(4 – 2) fixes ex-
actly this traceful part of Rµναβ. Hence, in d = 4, 10 components inside the
Riemann tensor are completely determined by the Einstein equations. The
remaining components are part of the conformal Weyl tensor: Cµναβ. The
number of components in Weyl tensor, for d-dimensions can be calculated:
indepenent components Cµναβ :
d(d+ 1)(d+ 2)(d− 3)
12
(4 – 8)
which for d = 4 give 10 components. In a broader sense, the traceless part of
the Riemann curvature, i.e. the Weyl tensor contains the dofs corresponding
to gravitational waves.
In 2+1 dimensions, however, the Riemann tensor has 6 independent com-
ponents, which is the same number of components as in the Ricci tensor.
Thus, all the information in the Riemann tensor is present in the traceful
part. In a contrast to 3+1 dimensions, the Einstein field equations com-
pletely fix the Riemann tensor in 2+1 dimensions. In fact, putting d = 3
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in the above formula shows that the traceless Weyl tensor vanishes identi-
cally in 2+1 dimensions4. This implies that there are no freely propagating
physical dof associated with gravity in 2+1 dimensions.
2. Choice B: Another possibility is to demand that the tensor Aµν is trace-
less. This means setting Aµν = Rµν − 1dRgµν . Identifying B with R, this
decomposition gives:
a2 =
1
d− 2
b2 =
1
d(d− 1)
(4 – 9)
3. Choice C: Finally, another possibility could arise by demanding B = 0.
This leads to an interesting decomposition which will be used later on.
Forcing B = 0, is enough to determine the rest of the decomposition. This
forces Aµν to become a tensor, which is formally known as the Schouten
tensor Sµν :
Sµν =
1
d− 2
(
Rµν − 1
2(d− 1)gµνR
)
(4 – 10)
In this decomposition, the Riemann tensor is simplified to:
Rµναβ = Cµναβ + (gµαSνβ − gµβSνα − gναSµβ + gνβSµα) (4 – 11)
Having seen multiple decompositions of the Riemann tensor, one obtains an
insight into why there are no propagating dofs in 2+1-dimensional GR. The iden-
tical vanishing of the Weyl tensor can be traced back to the internal symmetries
present in the Riemann tensor. Another aim of the above discussion was to intro-
duce the Schouten Tensor as another alternative for expressing curvature. The
Schouten tensor is used in section 4.5, for defining the Cotton Tensor Cµν which
plays the role of Weyl Tensor in 2+1 dimensions. As will be seen, these objects
are instrumental in the construction of Chern-Simons mass term for spin-2 fields.
To summarize: In 2+1 dimensions the vacuum Einstein field equations deter-
mine curvature completely. For Λ = 0, all solutions in vacuum are flat, and oth-
erwise have constant curvature. In planar physics, localized curvature, if present,
is concentrated entirely at the source of matter. There are no local propagating
dofs to be associated with gravitational waves5. However, global dofs may exist
for manifolds with non-trivial topology [20].
4An amusing way to see this is to look at the ‘contradiction’ itself. Start by labelling each
component of the Weyl tensor and impose (a) all the symmetries of the Riemann tensor and
(b) the tracelessness requirement. Now solve for each component in 3 dimensions. There are
far too many conditions and only the trivial solution (all components being 0) can survive.
5It may ‘feel’ that 2+1 dimensional gravity is trivial. Indeed, Witten starts his classic paper
on 2+1 dimensional gravity by addressing this looming sense of triviality [54].
4.2. Massless: Linearized General Relativity 57
The next section looks at the linearized version of the Einstein-Hilbert la-
grangian in eq(4 – 1). As before, the analysis of the next section is done keeping
the dimensions d of the manifold arbitrary. This will allow: (a) comparison be-
tween the massless theory in d = 3 with the rest of the theories to be presented in
this chapter, and (b) comparison between the linearized massless spin-2 field the-
ory in different dimensions. Both of these comparisons shall bring out noteworthy
features.
4.2 Massless: Linearized General Relativity
Using the field theoretic language, one could forego all of the inspiring geometrical
interpretations of GR and look upon it, cold-bloodedly perhaps, as a non-linear
theory for spin-2 fields. Such a viewpoint is definitely encouraged by the successes
seen when applying QFT to particle-physics. To the author’s knowledge, this
viewpoint originates with Rosen (1940)[55], and comprised the “Gupta Program”
(1954)[56] (for an old review see [57]). In fact, one can actually recover the entire
non-linearities present in LEH, by summing-up higher order self-interactions of
a linear spin-2 field. To this end, in this section the field theoretical view-point
of gravity is presented using the linearized weak-field approximation. In this
approximation, the metric tensor is expanded around a flat background (the
minkowski metric ηµν) as follows
6:
gµν = ηµν + λ hµν (4 – 12)
Here, λ is an infinitesimally small parameter making the perturbation field |hµν | 
1 satisfy the weak-field criterion7. When discussing an interacting theory of spin-
2 fields, λ will serve as a coupling constant and, in anticipation, it is identified
as:
λ =
2
(Mpl)
d−2
2
(4 – 13)
In order to obtain a lagrangian for the linear perturbation field hµν , one needs
to expand the following objects: (a)
√|g|, (b) Γµνα, (c) Rµναβ (d) Rµν , and finally
(e) R. In short, one expands LEH and keeps terms which are at-most quadratic
6Expansion about arbitrary backgrounds will be necessary in the next chapter, when dis-
cussing two independent metrics.
7If the discussion is only in the field theoretic language, this condition justifies using the
weak-field approximation and hence perturbative methods. Geometrically, the freedom to chose
coordinates mandates a more thorough definition for the weak-field approximation to be appli-
cable.
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in the linear perturbations hµν
8. Schematically, this is:
LEH = λ0(L(0)EH) + λ1(L(1)EH) +
λ2
2!
(L(2)EH) +O(λ3) (4 – 14)
At 0th-order, the lagrangian L(0)EH vanishes trivially due to the flat Minkowski
background, while the 1st-order lagrangian L(1)EH gives rise to the eom. At second
order, L(2)EH describes the dynamical behaviour of the perturbation field hµν on
the minkowski background. This is given by:
λ2
2!
(L(2)EH) = −
1
2
hµνhµν +
1
2
h′h′
+
1
2
hµν∂µ∂
σhνσ +
1
2
hµν∂ν∂
σhµσ
− 1
2
hµν∂µ∂νh
′ − 1
2
h′∂ · ∂ · h
(4 – 15)
Before proceeding to analyze these perturbations, the Fronsdal formulation
for spin-2 fields from chapter 2 should be verified. Recalling the definition of
the Fronsdal field given in eq(2 – 2) and the Fronsdal tensor from eq(2 – 4), the
lagrangian for spin-2 fields from the Fronsdal formulation9 becomes:
LFronsdal spin-2 = σ2 φµνF µν
= σ2
φµνφµν − φ′φ′−φµν∂µ∂σφνσ − φµν∂ν∂σφµσ
+φµν∂µ∂νφ
′ + φ′∂ · ∂ · φ
 (4 – 16)
Comparison between the two lagrangians clearly establishes that the Fronsdal
formulation provides the same description for the linearized perturbations from
GR. A careful reader might be bothered by seeing the trace of the Fronsdal
field in the above equation. There is nothing to worry about; even though the
Fronsdal field is made up of two traceless fields, it only satisfies the double-
tracelessness condition eq(2 – 3). This can be seen by taking a trace over the
Fronsdal field in eq(2 – 2). Further analysis of this massless spin-2 field theory,
in this d-dimensional setup, is provided by several important aspects which are
now looked into. These are gauge symmetry, eom and the propagator for this
field. These will serve as important references for comparing this theory with
other theories studied in this chapter.
8Higher order terms will be necessary when calculating vertex functions in subsection 6.1.2.
9σ2 =
−1
2 , obtained by putting s = 2 in eq(2 – 18).
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4.2.1 Gauge Symmetry
Consider a gauge transformation for the field φµν with an arbitrary gauge param-
eter ξµ:
φµν → φ′µν = φµν + δφµν
where:
δφµν = ∂(µξν)
(4 – 17)
Plugging, this transformation in the lagrangian in eq(4 – 16), all ξ dependent
terms drop out. This confirms that the linear massless theory is gauge invari-
ant. Geometrically, these gauge transformations arise from the diffeomorphism
invariance in the full non-linear theory.
4.2.2 Equations of Motion
There are two ways to look at the linear eom. One is to linearize the non-linear
Einstein field equations eq(4 – 2). The other would be to us the massless spin-2
lagrangian in eq(4 – 16). Ofcourse, the final eom, as it should be, is independent
of the route taken. Following the latter method, the lagrangian is written in a
bilinear form.
LFronsdal spin-2 = φµνDµναβφαβ (4 – 18)
This operator Dµναβ is called the Lichnerowicz operator. It is expressed as:
Dµναβ = σ2
(

(1
2
(ηµαηνβ+ηµβηνα)−ηµνηαβ
)
−∂µ∂(αηβ)ν−∂ν∂(αηβ)µ+∂µ∂νηαβ+∂α∂βηµν
)
(4 – 19)
The equations of motion take a particularly simple form when expressed in terms
of the trace-reversed field φµν . The eom are:
φµν = 0
Lorenz gauge for φµν : ∂
µ · φµν = 0
(4 – 20)
The first equation is a Klein-Gordon type equation for massless fields. This
confirms that there are massless dof in this theory. Since the last section confirms
that this theory possesses gauge symmetry, a gauge choice was used to obtain the
first equation. This gauge choice, the Lorenz gauge, forms the second equation.
For d ≥ 3, a field subject to these two equations will have the following number
of dofs (obtainable by either counting again or put s=2 in eq(2 – 22).).
massless spin-2 dof:
d(d− 3)
2
(4 – 21)
As already remarks, this clearly gives 0 dofs for 2+1 dimensional gravity.
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4.2.3 Propagator
Since the kinetic operator Dµν in the bilinear lagrangian is gauge invariant, it
cannot be inverted as such. Due to it’s simplicity, the de-donder gauge is called
upon for this task10. The de-donder gauge choice is defined as:
∂µφµν − 1
2
∂νφ
′ = 0 (4 – 22)
Enforcing this condition fixes the gauge field ξµ only partially. It must satisfy:
ξν = 0 (4 – 23)
In accordance with de-donder gauge, a suitable gauge-fixing term can now be
added to the original lagrangian. Quantum mechanically, this would require a
Fadeev-Popov gauge fixing procedure. Here, the addition of this gauge-fixing
term is justified by noting that the eom from both lagrangians are the same
(however, the de-donder gauge condition needs to be enforced separately).
Lgauge-fixing term = −2 σ2(∂µφµν − 1
2
∂νφ
′)2 (4 – 24)
With the above term, the gauge fixed lagrangian gets simplified to:
Lgauge-fixed = σ2(φµνφµν − 1
2
φ′φ′)
= φµνDµναβφ
αβ
(4 – 25)
On inverting this operator in fourier space, the propagator for the gauge-fixed
lagrangian describing spin-2 massless fields is obtained:
Gµναβ =
1
k2
(
(ηµαηνβ + ηµβηνα)− 2
d− 2η
µνηαβ
)
(4 – 26)
The poles of this object confirm the massless nature of the excitation. To check
the sign of the residue, put µ = ν = α = β = 1, and obtain the amplitude for the
propagation of the φ11 component as:
1
k2
2(d−3)
d−2 . Thus, for d ≥ 4, the residue is
positive signalling unitary propagation. The propagator is smart enough to give
0 when d = 3 is plugged in.
For later convenience, it is noted that the coefficient of ηµνηαβ term is −2
d−2 .
4.3 Massive: Fierz-Pauli Theory
As with the Proca theory of massive spin-1 fields, a first step towards modifying
the linear behaviour of gravity would be to give the perturbations of gravitational
10Usage of the more general Rξ gauge will be seen in section 4.5.
4.3. Massive: Fierz-Pauli Theory 61
field, from the last section, a mass term. This theory was first put forward by
Fierz-Pauli in 1939 [13]. A seemingly natural setup that will be utilized here for
studying this theory is to: take the Fronsdal lagrangian in eq(4 – 16) as a kinetic
term and then to give the Fronsdal field φµν a Fierz-Pauli (FP) mass term, with
mass m11. Note - since this chapter is devoted to the study of spin-2 fields, there
should be no confusion about the reuse of the letter m to denote the FP mass.
When considering a theory of massive spin-1 fields along with massive spin-2
fields, then due care will be taken.
The FP lagrangian is:
Lmassive spin-2 = LFronsdal spin-2 + LFP
with: LFP = σ2m2
(
φµνφµν − φ′φ′
)
=⇒ Lmassive spin-2 = σ2
φµν
(
+m2
)
φµν − φ′
(
+m2
)
φ′
−φµν∂µ∂σφνσ − φµν∂ν∂σφµσ
+φµν∂µ∂νφ
′ + φ′∂ · ∂ · φ

(4 – 27)
In this lagrangian, plugging in the gauge transformations from eq(4 – 17), it is
observed that the FP mass m breaks gauge symmetry. The equations of motion
from this lagrangian can be worked out:(
+m2
)
φµν − ηµν
(
+m2
)
φ′ − ∂µ∂σφνσ − ∂ν∂σφµσ + ∂µ∂νφ′ + ηµν∂ · ∂ · φ = 0
(4 – 28)
Taking the divergence and the trace of the above equation gives:
Divergence: =⇒ ∂ · φµ − ∂µφ′ = 0
Trace: =⇒ φ′ = 0 (4 – 29)
These two equations together imply the divergencelessness of the field φµν .
Putting these two back into the original eom, the Fierz-Pauli eom takes a truly-
transparent form.
(+m2)φµν = 0
∂µφµν = 0
φ′ = 0
(4 – 30)
There is some elegance to the simplicity of the above system of equations12.
The first equation confirms that the excitations in this theory are massive. The
11Note the Fronsdal field was meant to describe only massless fields. The Singh-Hagen
lagrangian describing massive fields required many more auxiliary fields than present in the
Fronsdal case. Nevertheless, the setup used here works.
12And underlying this neatness is a rigid structure, which prohibits any careless tinkering.
This will be seen shortly.
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other two appear as additional conditions, derived from the eom. In fact, the first
two equations constitute the Fierz-Pauli conditions for massive fields. The third
equation is an odd trace condition. Being unique to the Fierz-Pauli theory, it will
be discussed promptly in subsection 4.3.3. The simplicity of the above equations
make dof counting easier. The first equation describes the behaviour of d(d+1)
2
components in the symmetric tensorial field φµν . The second equation can be
used to eliminate d components. Additionally, the peculiar trace-condition kills
off one single component. Thus,
massive spin-2 dof: =
(d− 2)(d+ 1)
2
(4 – 31)
Plugging in d = 4 gives 5 independent components for the massive field. This
is the same as 2s+1 components for a massive field with s = 2, agreeing with the
group-theoretic arguments of section 2.2. For d = 3, the massive theory propa-
gates 2 dof, which is in agreement with the general dof count for 2+1 dimensions.
It is now confirmed that the FP mass term has excited 2 new dof’s which were
completely absent from the massless theory. In this regard, the behaviour of FP
mass term is slightly different than the behaviour of the Proca mass term seen in
section 3.2. As a matter of fact, there are two singularly distinguishing features
arising out of the unconventional or ‘misbehaviour’ of the FP theory. These are
the vDVZ discontinuity and the Boulware-Deser ghost. These will be discussed
shortly.
4.3.1 Propagator
To construct the propagator for this massive spin-2 field φµν , the lagrangian in
eq(4 – 27) is first written in the following form:
φµνDµναβφ
αβ
The kinetic operator Dµναβ is inverted by going to momentum space. This gives
the following propagator.
Gµναβ =
1
(k2 −m2)
{(
(ηµαηνβ + ηµβηνα)− 2
d− 1η
µνηαβ
)
−
(
kµkαηβν
m2
+
kνkαηβµ
m2
+
kµkβηαν
m2
+
kνkβηαµ
m2
)
+
2
d− 1
(
kµkνηαβ
m2
+
kαkβηµν
m2
+ (d− 2)k
µkνkαkβ
m4
)}
(4 – 32)
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This propagator’s pole clarifies that the excitations being propagated have
mass m. The residue of the propagator has correct sign for unitary propagation.
Considering the massless limit m → 0, some terms in the propagator blow up.
This is very reminiscent of a similar scenario seen for the propagator of the
massive spin-1 fields in eq(3 – 13). There, the problem was identified as coming
from the increasingly dominating contributions of the longitudinal polarizations
in their corresponding massless limit. Looking at the structure of the problematic
terms in the propagator above, it is observed that these terms correspond to a
longitudinal dof. Since, in this setup the longitudinal dofs are mixed with other
dof, the massless limit is blowing up. With a field decomposition, or a Stu¨ckelberg
analysis it will be seen that this difficulty goes away.
More importantly, note the coefficient of ηµνηαβ. It is equal to −2
d−1 . The
coefficient for the same term in the massless propagator in eq(4 – 26) was −2
d−2 . It
is duly noted that there is a difference in the coefficients of this term in the two
propagators. This is not merely a curious distinction between the two theories,
but is an indication of a deep theoretical issue. As such this difference may be
seen as a first gentle sign of a discontinuity in the theory. This will be further
discussed in the subsection 4.3.2.
For neatness, the propagator can also be expressed as:
Gµναβ =
1
(k2 −m2)
(
(P µαP νβ + P µβP να) +
−2
d− 1P
µνPαβ
)
where:
P µν = ηµν − k
µkν
m2
(4 – 33)
The numerator of the pole in this propagator is a projector onto the sub-space
of all symmetric, transverse and traceless tensors of rank-2. Thereby, this is the
identity-operator for this sub-space.
4.3.2 vDVZ Discontinuity
From physical theories that hope to bear any chance for describing nature, there
is a technical expectation: these theories must be continuous in their physical
predictions for all values of the parameters that go into the theory. For example,
all predictions made from the Proca theory of massive spin-1 fields always agree
with corresponding predictions of the massless spin-1 fields, in the limit when the
Proca mass is taken to 0. This leads one to the conclusion that the Proca theory
is really a massive version of the massless theory. However, if the predictions were
to be off, then this would signal that the two theories are inherently different!
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For the case of spin-2 fields, the FP theory is an inherently different theory in
comparison to the theory of linear massless spin-2 fields. This was first pointed
out by van Dam, Veltman and separately by Zakharov in 1970, and is today
referred to as the vDVZ discontinuity [58, 59]. A simple sign of this discontinuity
has already appeared in the propagators for the two theories. This will now be
seen more rigorously.
Consider an interaction between two conserved sources A and B, with energy-
momentum tensors T aµν and T
b
αβ respectively. For some coupling constant λ, this
interaction, at the linear level, is given by:
interaction ∝ λ T aµν Gµναβ T bαβ (4 – 34)
The coupling constant λ for the massless case is given in eq(4 – 13).
A-priori the FP theory could be different from the massless version. To be
general let the coupling constant for the FP theory be some λ′. Now calculating
the interaction for the −00− component of the energy-momentum tensor in these
two theories leads to the following:
GR massless spin-2: λ
T a00T
b
00
k2
2(d− 3)
(d− 2)
FP massive spin-2: λ′
T a00T
b
00
k2 −m2
2(d− 2)
(d− 1)
(4 – 35)
Apart from the obvious difference arising from the presence of the massive
pole, one notices that the coefficients in the two results are also very different.
This suggests that considering a massless limit of the FP theory will potentially
lead to results which are different from those obtained from linearized GR. Doing
this calculation for arbitrary d-dimensions, it is clear that this difference is not a
particular feature of 2+1 or any other dimension. The two theories make differing
predictions for the interaction considered in all dimensions! This difference is a
spectacle in 2+1 dimensions: massless spin-2 fields can carry no interaction at
all; whereas, there will be some finite interaction from massive spin-2 fields.
There is still some hope. At this point, the coupling constant λ′ could be
adjusted so that the interaction in the two theories match in the massless limit.
This would force:
λ′ = λ
(d− 3)(d− 1)
(d− 2)2 (4 – 36)
This implies that the universal coupling strength of massive gravitons is indeed
different than the coupling strength of massless gravitons. Surely, this can lead
to testable predictions. Consider the scenario of light bending in the presence of
a gravitational field. Since the energy-momentum tensor of massless photons is
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traceless, its interaction with gravitons is dictated by those terms in the propaga-
tor which have exactly the same coefficients for both theories. This implies that
the difference in the prediction, for light-bending, between these two theories is
proportional to the amount by which their coupling strengths differ. This can be
quantified as:
Difference of light-bending: ∝ 1
(d− 2)2 (4 – 37)
This equation says that in 2+1 dimensions, there will be a 100% difference
between the prediction for light-bending in the two theories. For d = 4, this
difference is 25%13. This difference is large enough to be measured, and has
been measured in experiments looking at light deflections from the Sun. Within
the solar-system, the predictions from massless spin-2 fields or linearized GR are
vindicated [60]. Experiments within the solar-system itself could, in principle,
rule out the FP theory of massive gravity. Yet, this is only true for the linear-
regime of GR. As was mentioned in section 1.1, the linear-approximation works
very well for the scales involved in the solar-system. A non-linear theory of
massive gravity is still not ruled out.
The origin of the vDVZ discontinuity lies in the extra dof present in the massive
theory which were absent from the massless theory. Unlike the case of spin-1
fields, these dofs couple to the trace of the energy-momentum tensor and hence
leave a distinguishable imprint. This will be seen more clearly with a Stu¨ckelberg
analysis.
4.3.3 Boulware-Deser Ghost
The last equation in eq(4 – 30) is a peculiar trace condition for FP theory. This
originates from the Fierz-Pauli tuning of the mass term in LFP which is repro-
duced here with a small modification.
LFP = σ2m2
(
φµνφµν − (1− γ)φ′φ′
)
(4 – 38)
Setting γ = 0 recovers the original mass term. Any violations to this coefficient,
the Fierz-Pauli tuning, are heavily penalized. For γ 6= 0, the action describes
an additional massive scalar dof. This extra dof can be seen, most easily, by
calculating the propagator again. This new propagator has some new terms
which are an addition to the propagator in eq(4 – 32). These additional terms
13Amusingly, if the Universe had infinite dimensions, then one could not use these arguments
to distinguish between massive and massless gravitons. Thankfully, perhaps, this does not seem
to be the case so far.
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are:
additional terms: Gµναβghost = −
2γ(d− 2)
(d− 1)
(
ηµνηαβ + k
µkνηαβ
m2
+ k
αkβηµν
m2
+ k
µkνkαkβ
m4
k2 −m2ghost
)
m2ghost =
3− 4γ
2γ
m2
(4 – 39)
There are a few things to notice about this new pole. First, it comes with a
wrong sign. This signals non-unitary propagation and hence justifies calling this
extra dof as a ghost. Ghosts are a nuisance in QFT and their presence in any
theory, makes that theory strictly unsuitable for any application. Second, this
is a massive ghost. On setting the tuning coefficient γ = 0, the mass of this
ghost diverges. Finally, the structure of indices in all of the terms present in the
numerator, suggest that this ghost is mixed with the trace of the field φ′. This is
confirmed by noting that setting γ = 0, sets this entire additional term to 0 and
also provides the condition φ′ = 0.
It is clear that modifying the tuning in the FP mass term has introduced an
additional ghost dof into the theory. The trace constraint in eq(4 – 28) is lost.
The total number of propagating dof in FP theory without the FP tuning is:
γ 6= 0 massive spin-2 dof: d(d− 1)
2
This gives the theory one extra dof than what is expected for a massive spin-
2 field. This unwanted dynamical field is called as the Boulware-Deser ghost.
This ghost mode complicates the construction of a nonlinear massive theory of
gravity. This is due to the frustrating re-appearance of this ghost mode in non-
linear theories even when they are explicitly removed from the linear version.
In the past, this lead to the suggestion of a no-go theorem regarding the con-
struction of non-linear massive theories of gravity [17]. Nevertheless, a consistent
non-linear theory of massive gravity, the dRGT theory has been found. In chap-
ter 5, a more generalized version of this non-linear theory, the bimetric theory of
gravitation, will be presented. As physics in 2+1 dimensions is special, consistent
massive theory of gravity can be afforded without heeding to the bimetric model.
This is the theory of Topologically Massive Gravity (TMG), presented in sec-
tion 4.5. A major outcome of this thesis has been to extend the bimetric theory
with the topological mass-generating mechanism, available in 2+1 dimensions.
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4.4 The Stu¨ckelberg Analysis
4.4.1 Massive vs Massless
The FP theory of massive spin-2 fields is an interesting variation to the theory
of massless spin-2 fields. In 2+1 dimensions, it has been pointed out, through
different routes (in section 2.2, section 4.1 and also section 4.2) that massless
spin-2 fields have no propagating dof in 2+1 dimensions. This is in stark contrast
with the massive theory which has excited 2 completely new dof in the theory.
Where do these two new dofs come from?
A related question could be asked by comparing the dofs propagated by each
theory in 3+1 dimensions. The massless theory propagates 2 dofs whereas the
massive theory has 5. Infact, this feature can be extended to arbitrary dimensions
d. Since the number of dof for a massive/massless field of spin-s in arbitrary
dimensions d is known in eq(2 – 25) and eq(2 – 22), the extra dofs excited by
the massive theory can be counted, in a more general way. This gives for d-
dimensions:
for spin-2: massive dof−massless dof = d− 1 (4 – 40)
Thus, irrespective of dimensions (for d ≥ 2) there are extra dofs excited by the
massive theory. A legitimate question is: Where do these extra dofs come from?
The Stu¨ckelberg analysis in this section aims to address this inquiry.
As was seen in the Stu¨ckelberg analysis from the preceding chapter, the general
idea is to use field re-definitions. Unlike the case of spin-1 fields, however, as the
spin of a tensorial fields increases the number of allowed field re-definitions also
continues to increase. Consider for example, the case of spin-2 fields. A spin-2
field, such as the Fronsdal field φµν (with s = 2), can be further thought of as
being mixed with a spin-1 field Πµ. This would be written as:
φµν = Ψµν + ∂µΠν + ∂νΠµ (4 – 41)
Here, the Ψµν field serves to store components from the original φµν field which
cannot be resolved into a vectorial field. However, there could also be a scalar
hidden in the original φµν field. Moreover, as seen in subsection 3.2.2, the vec-
tor field Πµ could also have a scalar mode. Separating out these mixed modes
constitutes a Stu¨ckelberg chain of field re-definitions. For spin-2, this chain is:
φµν = Ψµν + ∂µΠν + ∂νΠµ
Πµ = piµ + ∂µχ
Ψµν = ψµν + χ
′ηµν
(4 – 42)
68 Chapter 4. Fields of Spin-2
Note: the last field re-definition is like a linearized conformal transformation.
Both the spin-2 sector and the spin-1 sector contribute a scalar mode each. There
is a-priori no reason that these scalar modes should be the same (although they
will most certainly mix to form one unique scalar). Thus, finally the spin-2
Fronsdal field can be decomposed as:
φµν = ψµν + ∂µpiν + ∂νpiµ + ηµνχ
′ + 2∂µ∂νχ (4 – 43)
The true effect of such field-redefinitions can only become clear by plugging
these inside a good lagrangian. Using the FP lagrangian in eq(4 – 27), will do
the job. A startling punchline is now waiting to be delivered. Schematically, the
new lagrangian can be written as:
Lmassive spin-2(φµν) = Lψµν +m
(
Lpiµ + Lχ + Lχ′ + Lmix
)
(4 – 44)
The lagrangian can thus be seen to be composed of multiple lagrangians gov-
erning several independent fields ψµν , piµ, χ, and χ
′ which may undergo inter-
actions governed by a lagrangian containing the mixed terms. Usually, through
proper choices, these mixed terms can be eliminated and the entire lagrangian
is diagonalized. In its diagonalized form, a lagrangian will be composed of truly
independent sectors of different fields which do not talk to each other. The punch-
line is to note, what really happens when m → 0 is considered. It is clear, that
the lagrangian for all the additional fields is dropped. Furthermore, any mass
term present in the Lψµν will also be dropped, turning ψµν back into its massless
version. As promised, the startling punchline is:
Adding a mass term has the effect of exciting new fields, which were absent in
the corresponding massless theory.
Since, this statement is true for all spins the number of extra dof excited by
the mass term for spin-2 fields can now be understood. Suppose after a field
decomposition of spin-2 fields, the vector mode is massive. Then, in accordance
with the above principle, the mass term for the vector must have excited a scalar.
Doing another field decomposition, the vector can be brought to its canonically
massless form. Thus, a massive spin-2 field can excite a massless vector (with
d − 2 dof for arbitrary dimensions) and a single scalar (only 1 dof). Together,
these account for the new extra d− 1 dof counted in eq(4 – 40).
It is now clear, for 2+1 dimensions, where the two dof in massive theory are
coming from. They belong to a vector mode and a scalar mode. This will be
demonstrated shortly, in a rather elegant manner.
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4.4.2 Insights from Stu¨ckelberg Analysis - FP Theory
Continuing with the spin-2 example, the χ′ field is dynamically coupled to the
spin-2 field with terms such as ψ′χ′. Demanding that such terms drop away,
the χ′ fields is set as:
χ′ =
−2m2
d− 2 χ (4 – 45)
Finally, on rescaling the vector mode as piµ → 1mpiµ and the scalar mode as
χ→ 1
m2
χ, the new lagrangian becomes:
LStuck = Lψµν + Lpiµ + Lχ + Lmix
where:
Lψµν = Lkinetic ψµν + LFP ψµν
Lpiµ = −
1
2
FµνF
µν
(
with:Fµν = ∂µpiν − ∂νpiµ
)
Lχ = −2 d− 1
d− 2 χ
(
−m2 d
d− 2
)
χ
Lmix = −2m
(
ψµν∂(µpiν) − ψ′ ∂ · pi + (d− 1
d− 2) (2χ∂ · pi +mψ
′χ)
)
(4 – 46)
Three important points are brought forth:
1. Had the original lagrangian started with an energy momentum tensor Tµν
for a source, then upon taking a massless limit in the above lagrangian one
term which describes the coupling between scalar field χ and the source will
survive. This term is: 2λ
d−2 χ T
′. The existence of this term shows that the
FP theory is discontinuous in its massless limit, since the extra scalar mode
is still coupled to the trace of the energy-momentum tensor. This explains
the root cause of the vDVZ discontinuity which was discussed in subsec-
tion 4.3.2. The contribution from this term exactly balances the differences
in predictions calculated in that section, accounting for the discrepancy
completely.
2. If the original lagrangian was used with an arbitrary value for the FP tuning
parameter γ, then their would have been a higher-derivative term for the
scalar mode, corresponding to χ2χ. These higher derivatives imply that
there is an additional ghost dof riding with the scalar dof. This explains the
origin of the Boulware-Deser ghost. Note that the χ field has a contribution
coming from the χ′ field which is coming directly from the trace of the
original φµν field. This explains why the Boulware-Deser ghost is linked
with the trace of the original field, as discussed in subsection 4.3.3.
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3. In the original FP lagrangian eq(4 – 27), the mass term broke gauge invari-
ance. This new lagrangian in eq(4 – 46) has an interesting gauge symme-
try. This gauge symmetry can be divided into two parts. One of which
is associated with an arbitrary vectorial gauge parameter ξµ. The gauge
transformations are:
δψµν = ∂µξν + ∂νξµ
δpiµ = −mξµ
(4 – 47)
The second gauge transformation is associated with an arbitrary scalar
gauge parameter Λ. The gauge transformations are:
δpiµ = −∂µΛ
δχ = mΛ
(4 – 48)
These gauge transformations are kept separate, because the Stu¨ckelberg
lagrangian satisfies them separately.
To be sure that these field redefinitions and this Stu¨ckelberg formalism does
indeed describe the same physics as the original FP lagrangian, a dof count is
necessary. In order to make the counting procedure easier, one must diagonalize
the lagrangian completely. For doing this, the gauge freedom described above
will be imperative.
A gauge choice inspired by the de-donder gauge in eq(4 – 22) is used. This
gauge choice is given by:
(∂µψ
µν − 1
2
∂νψ′ )−mpiν = 0 (4 – 49)
This gauge will work if the vectorial gauge parameter ξµ satisfies:
(+m2)ξµ = 0 (4 – 50)
The gauge freedom coming from the scalar gauge parameter Λ is used to force:
∂ · pi + m
2
ψ′ − 2m d− 1
d− 2 χ = 0 (4 – 51)
which is satisfied if the parameter Λ satisfies:
(+m2)Λ = 0 (4 – 52)
Inspired by these gauge-choices, a gauge fixing term can be designed to exactly
cancel the terms in Lmix. These gauge-fixing lagrangians are:
LGFI =
(
(∂µψ
µν − 1
2
∂νψ′ )−mpiν
)2
LGFII = −
(
∂ · pi + m
2
ψ′ − 2md− 1
d− 2χ
)2 (4 – 53)
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Although, these gauge-fixing lagrangian do their job, they leave an imprint
on the nature of the vectorial and the scalar modes. This is seen by adding
the two lagrangian in eq(4 – 53), to the lagrangian in eq(4 – 46). This gives the
gauge-fixed Stu¨ckelberg lagrangian.
Lgauge-fixed = Lψµν + Lpiµ + Lχ
where:
Lψµν = −
1
2
ψµν(+m2)ψµν +
1
4
ψ′(+m2)ψ′
Lpiµ = piµ (+m2) piµ
Lχ = −2 d− 1
d− 2 χ (+m
2) χ
(4 – 54)
Clearly, the lagrangian has now been completely diagonalized. During these
steps, the vector mode piµ has picked up a mass term. The equations of motion
for each field can now be directly read from the lagrangian itself. Using these
eoms, the dof counting is now presented.
dof: ψµν =
d(d+1)
2
dof: piµ = d
dof: χ = 1
absence of kinetic term for pi0 = −1
constraint from eq(4 – 49) = −d
residual gauge freedom eq(4 – 50) = −d
constraint from eq(4 – 51) = −1
final dof = (d−2)(d+1)
2
(4 – 55)
This gives exactly the correct number of components required for a massive
spin-2 field as in eq(4 – 31) (or by directly putting s = 2 in eq(2 – 25)). This
verifies that the chain of Stu¨ckelberg field definitions that have been employed in
this section, and the lagrangian so obtained describes the same physical content.
The propagators of these fields can also be straightforwardly calculated. These
are:
Gχ =
1
2
(
d− 2
d− 1) (
1
k2 −m2 )
Gµνpi =
−ηµν
k2 −m2
Gµναβψ =
1
k2 −m2
(
(ηµαηνβ + ηµβηνα)− 2
d− 2η
µνηαβ
) (4 – 56)
The poles of all three propagators show massive excitations which can also
be seen in the gauge-fixed lagrangian in eq(4 – 54). The residue of all three
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propagator signal unitary propagation (Note - there is no kinetic term for pi0, thus
the minus sign in that propagator cancels the minus sign coming from the metric).
All the propagators have well-defined massless limit. This cures the problem of
taking a massless limit in the propagator for the FP theory in eq(4 – 32).
Additionally, the highlight of this procedure is the massless limit of the prop-
agator for the spin-2 mode Gµναβψ . Not only is the coefficient of the term η
µνηαβ
consistent with the massless propagator in eq(4 – 26), the entire propagator for
the ψµν mode reduces to the massless propagator on setting m → 0! Thus,
this spin-2 mode is now continuous in its mass-parameter unlike the FP massive
theory. In a way, this cures the vDVZ discontinuity.
Finally, going back to 2+1 dimensions, it is time to make full profit of d-
dimensional calculations. The original query was: Where do the additional dof
excited by the massive theory come from? The three propagators above are now
smart enough to describe the propagating modes on their own. Just put d = 3,
and as an example set all open indices to 1. This gives:
for 2+1 dimensions only:
Gχ =
1
4
(
1
k2 −m2 )
G11pi =
1
k2 −m2
G1111ψ = 0
(4 – 57)
Speaking of elegance, these equations speak for themselves.
4.5 Topologically Massive Gravity
The theory of Topologically Massive Gravity was discovered in the early 1980s.
It presents itself as an interesting possibility allowed only in an odd-dimensional
spacetimes, such as 2+1 dimensions. It was shown earlier in section 4.2, that
spin-2 fields which are massless do not carry any physically propagating dof.
This situation can be changed by adding a Chern-Simons (CS) mass term.
Most of the ingredient that go into this theory have already been introduced
and dealt with. The only remaining ingredient is, obviously, the CS term itself.
A starting point for this is the Schouten tensor Sµν which was introduced in
subsection 4.1.1. The definition of this tensor is repeated from eq(4 – 10) (for the
special case of d = 3):
Sµν = Rµν − 1
4
gµνR (4 – 58)
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It was shown in the same section, that the Weyl tensor vanishes identically in 2+1
dimensions. The role of Weyl tensor in planar physics is played by the Cotton
tensor. This tensor is defined as:
Cµν =
1√|g| µαβ ∇α Sνβ (4 – 59)
The action giving rise to TMG can now be stated as (with a relative coefficient
of µg):
LTMG non-linear = mg
(√|g|R + 1
2µg
Lcs−g
)
where:
mg =
1
2
Mpl
Lcs−g = abc Γead
(
∂bΓ
d
ce +
2
3
ΓdbfΓ
f
ce
)
(4 – 60)
The notation for Planck mass has been simplified from 1
2
Mpl to mgin anticipation
of the bimetric theory of gravity in chapter 5. As the name suggests, in that theory
two independent metrics will be present and it will be important to distinguish
between the Planck masses associated with each metric. This notation is justified
since the subscript clearly indicates the metric for which the Planck mass stands.
Next, note that the sign of the kinetic term in this lagrangian is opposite of the
sign in LEH eq(4 – 1). This is necessary to ensure that the dof obtained from this
theory is not a ghost. With these preliminary remarks, the study of the above
lagrangian proceeds in the following manner.
The variation of the TMG action with respect to the inverse metric gives the
non-linear eoms. These are:
Gµν +
1
µg
Cµν = 0 (4 – 61)
In order to study the nature of excitations present in this theory, it is important to
look at its linearized approximation. This approximation is obtained in a manner
analogous to the case of linearized GR from section 4.2. The metric is expanded
as:
gµν = ηµν +
1√
mg
φµν (4 – 62)
Using this, all geometric objects that go into the TMG lagrangian need to be
expanded. Performing this expansion, and keeping terms which are quadratic
in the perturbation field gives the following lagrangian (showing only quadratic
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terms):
LTMG = −1
2
φµνφµν +
1
2
φ′φ′
+ φµν
(
∂(µ∂
σφν)σ
)− 1
2
φµν∂µ∂νφ
′ − 1
2
φ′∂ · ∂ · φ
− 1
4µg
φµν
(
µ
αβ∂α(φβν − ∂ν∂σφβσ) + (µ↔ ν)
) (4 – 63)
At this point, it is indeed interesting to verify whether the HS CS term in
eq(2 – 28) conjectured in section 2.5 gives the right lagrangian for TMG. A theory
based on pure CS term for spin-2 was analyzed in subsection 2.5.2. The recipe to
obtain a TMG lagrangian from the HS theory is to use the Fronsdal lagrangian
for the kinetic term and add the said CS term. This gives:
LTMG = Lkinetic + 1
µg
Lcs spin-2
where:
Lkinetic = σ2 φµνF µν
Lcs spin-2 = σ2 φµν ∂ααβ(µF ν)β
together:
LTMG = σ2
φµνφµν − φ′φ′−φµν∂µ∂σφνσ − φµν∂ν∂σφµσ
+φµν∂µ∂νφ
′ + φ′∂ · ∂ · φ

+
σ2
2µg
φµν
(
∂α
αβ
µ
(
φνβ − ∂ν∂ρφβρ
)
+ µ↔ ν
)
(4 – 64)
Noting that σ2 =
−1
2
, it is clear that the above lagrangian is exactly the same as
the lagrangian in eq(4 – 63) which was obtained upon inearizing the non-linear
TMG lagrangian. This demonstrates that the physics described by the TMG
lagrangian above, inspired by the HS language will necessarily govern the same
physics. This also provides a check for the HS CS term proposed earlier.
To further analyze this theory, three aspects will be studied. These are the
gauge-symmetries, eoms and the propagator for this theory.
4.5.1 Gauge Symmetry
This lagrangian enjoys gauge symmetry upto total derivatives. The gauge trans-
formation for the field: φµν → φ′µν = φµν+δφµν with an arbitrary gauge parameter
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ξµ is:
δφµν = ∂µξν + ∂νξµ (4 – 65)
When this transformation is plugged into the lagrangian eq(4 – 64), terms with
the gauge parameter remain. However, these terms are total-derivatives, making
the entire theory gauge invariant upto total derivatives. Total derivative terms
do not have any effect on the dynamics of the field. As was described in subsec-
tion 3.3.3, these total derivative display the connection between CS terms and
the topology of the manifold.
4.5.2 Equations of Motion
The eom arising from the TMG lagrangian for the field φµν is:
0 = (φµν − ηµνφ′)− 2∂(µ∂σφν)σ + ∂µ∂νφ′ + ηµν∂ · ∂ · φ
+
1
2µg
(
µ
σα∂σ(φαν − ∂ν∂βφαβ) + (µ↔ ν)
) (4 – 66)
To really see the nature of the excitation in this eom, it needs to be distilled
to get rid of gauge dofs. To this end, a Lorenz gauge is called upon for service.
Using this gauge choice, the above equation simplifies to:
0 = (φµν − ηµνφ′) + ∂µ∂νφ′ + 1
2µg
(
µ
σα∂σφαν + (µ↔ ν)
)
Lorenz gauge for φµν ∂
µφµν = 0
(4 – 67)
The Lorenz gauge choice will be satisfied if the gauge parameter ξµ satisfies:
ξµ + ∂µ∂ · ξ = 0 (4 – 68)
Now taking a trace of the eom gives φ′ = 0, plugging this back into the eom and
then taking a divergence implies ∂µφ
′ = 0, the eom can brought to the following
form:
µgφµν + ∂σµ
σαφαν = 0
rearranged to:(
∂σσµν + µφ ηµν
)
φµβ = 0
Kµνφ
µ
β = 0
(4 – 69)
This structure is quite reminiscent of eq(3 – 22). As was done in the case for
spin-1 fields, consider:
KµαKµνφ
ν
β = 0
=⇒ (+ µ2g)φαβ = 0 (4 – 70)
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Thus, this equation confirms that the excitation of the field φµν is massive with
a mass given by µg. The dof count goes as follows: The above equation is for a
symmetric tensor field; thus these are 6 separate equations. The Lorenz gauge is
used to eliminate 3 components. The trace of the field is not dynamical, hence it
removes 1 more component. Finally, the Lorenz gauge has only fixed the gauge
parameter partially (upto eq(4 – 68)). The residual gauge-freedom can be used
to remove one more component. This means that there is only one dof left.
The eoms confirmed that TMG has excited one single massive excitation. This
single dof has helicity |µg |
µg
. There is also a much more cleaner way of confirming
the massive nature of this excitation. For this, the propagator is calculated.
4.5.3 Propagator
The TMG lagrangian is gauge invariant. Thus, as done in the case of massless
theory for spin-2 fields a suitable gauge-fixing term is required to fix the degener-
acy in the kinetic operator and then obtain the propagator. In this case however,
a more general approach is taken. The propagator is calculated in the Rξ-gauge.
To this end, the gauge-fixing terms added to the TMG lagrangian is inspired by
the de-donder gauge from eq(4 – 22). The gauge fixing term, with an arbitrary
gauge-keeping parameter ξ is:
Lgauge term = −2
ξ
(∂µφµν − 1
2
∂νφ
′)2 (4 – 71)
Calculation of the propagator with such a term is certainly more involving. The
benefit of keeping the gauge-parameter explicit, however, outweighs the troubles.
With an arbitrary parameter different gauges can be selected, their effects studied,
and it also highlights modes which have a contribution coming from the gauge
dofs. The propagator in momentum space is given by:
Gµναβ =
Y µναβ1
k2
+
Y µναβ2
k4
+
Y µναβ3
k6
+
Y µναβ4
k2 − µ2g
(4 – 72)
The tensors Y µναβi are:
Y µναβ1 = X
µναβ
1 + (−1−
ξ
8− 11ξ + 4ξ2 )X
µναβ
2 −
Xµναβ3
µ2g
+
Xµναβ4
µ2g
+
Xµναβ5
µ4g
− iX
µναβ
6
2µg
+
iXµναβ7
2µ3g
Y µναβ2 = −
2(−1 + ξ)Xµναβ3
−2 + ξ +
8(−1 + ξ)2Xµναβ4
8− 11ξ + 4ξ2 +
Xµναβ5
µ2g
+
iXµναβ7
2µg
(4 – 73)
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Y µναβ3 =
16(−1 + ξ)3Xµναβ5
(−2 + ξ)(8− 11ξ + 4ξ2)
Y µναβ4 = −Xµναβ1 +Xµναβ2 +
Xµναβ3
µ2g
− X
µναβ
4
µ2g
− X
µναβ
5
µ4g
+
iXµναβ6
2µg
− iX
µναβ
7
2µ3g
(4 – 74)
Here, the propagator is certainly more complicated than what has been seen
before. First of all, the propagator consists of the sum of four poles. It is clear
from the very structure of the theory, that not all of these poles correspond to a
physically propagating dof. The numerators of these poles have been expressed in
terms of tensors Xµναβi . These tensors are composed of the metric ηµν , momenta
kµ and the epsilon symbol ανµ only. The complete forms of these 7 tensor is
spelled out in Appendix A.
One of the quickest ways to check whether this propagator is correct is to
study it in its massless limit. From the lagrangian in eq(4 – 64), it is seen that on
sending µg →∞, the lagrangian the theory of massless spin-2 fields. Hence, it is
expected that this behaviour should also be reflected by this propagator. Indeed,
setting ξ = 1 and taking this limit in a careful manner leads to a propagator
which is exactly the same as the propagator in eq(4 – 72).
The pole corresponding to tensor Y µναβ3 is clearly completely unphysical, since
setting ξ = 1 gets rid of it completely. The rest of the propagator for this gauge
choice becomes:
for: ξ = 1
Gµναβ =
1
k2 − µ2g

−µ2g
k2
Xµναβ1 + (−1 + 2µ
2
g
k2
)Xµναβ2
+ 1
k2
(Xµναβ3 −Xµναβ4 − 1k2Xµναβ5 )
+ iµg
2k2
(Xµναβ6 − 1k2Xµναβ7 )
 (4 – 75)
This shows, that the excitation is massive. Also, contracting this object with
a momentum vector such as kµ automatically gives zero. This confirms that
the massive excitation in this theory has transverse polarization. Finally, a
Stu¨ckelberg analysis of this theory does not seem to lead to any new insights.
This can be seen by looking at all the possible field redefinitions which are given
in eq(4 – 43) and reproduced here:
φµν = ψµν + ∂µpiν + ∂νpiµ + ηµνχ
′ + 2∂µ∂νχ (4 – 76)
When these additional fields will be put in the TMG lagrangian in eq(4 – 64), it
is clear that none of the additional fields except ψµν can survive for the parity-odd
part. This is because of the presence of the antisymmetric  symbol, which will
kill all the other fields. Additionally, since this theory has no FP mass term, none
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of the other fields should be excited in accordance with the arguments presented
in section 4.4.
In conclusion, the TMG theory propagates one massive dof where none was
present in the massless case. This massive dof is, truly, a new dof, as it cannot
be accounted for by either group-theoretic arguments or a Stu¨ckelberg analysis.
This dof finds its origin in global effects of the manifold [20].
4.6 Fierz-Pauli-Chern-Simons Gravity
An interesting possibility, which occurs only in 2+1 dimensions, is to consider a
theory of linear spin-2 fields where the gravitons are massive due to two different
mass-generating mechanisms. This is analogous to 3.4, where the spin-1 fields
were given a mass from both Proca theory and a CS mass term. In this section,
such a possibility will be considered for gravity.
All ingredients for setting up this theory are already available. As usual, the
Fronsdal formulation gives the kinetic term for the spin-2 fields. Both FP mass
terms and the CS mass terms will be present. The lagrangian describing a linear
theory of massive gravitons or spin-2 fields with both Fierz-Pauli and Chern-
Simons(FPCS) mass terms is:
LFPCS = Lkinetic + LFP + 1
µg
Lcs spin-2
where:
Lkinetic = σ2 φµνF µν
Lcs spin-2 = σ2 φµν ∂ααβ(µF ν)β
LFP = σ2m2
(
φµνφµν − φ′φ′
)
(4 – 77)
Together, the lagrangian becomes:
LFPCS
σ2
= φµν(+m2)φµν − φ′(+m2)φ′
− φµν
(
∂µ∂
σφνσ + ∂ν∂
σφµσ
)
+ φµν∂µ∂νφ
′ + φ′∂ · ∂ · φ
+
1
2µg
φµν
(
µ
αβ∂α(φβν − ∂ν∂σφβσ) + (µ↔ ν)
)
(4 – 78)
Since there is the FP mass term, this lagrangian is not gauge-invariant. Thus,
any complication arising from gauge modes is absent from this theory. This theory
will now be studied and insights into the number of dofs, nature of excitations
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and their propagation will be looked into. Finally, a Stu¨ckelberg analysis will
reveal interesting insights into how the two mass-generating mechanism talk to
each other, if at all.
4.6.1 Equations of Motion
To further pursue this lagrangian it is imperative to write it in a neat bilinear
form with the kinetic operator Dµναβ sandwiched between the fields. This gives:
LFPCS
σ2
= φµνDµναβφ
αβ
where:
Dµναβ = σ2

(+m2)
(
1
2
(ηµαηνβ + ηµβηνα)− ηµνηαβ
)
−∂µ∂(αηβ)ν − ∂ν∂(αηβ)µ
+∂µ∂νηαβ + ∂α∂βηµν
+ 1
2µg
µσ(α∂
σ
(
ηβ)ν − ∂β)∂ν
)
+ 1
2µg
νσ(α∂
σ
(
ηβ)µ − ∂β)∂µ
)

(4 – 79)
The eoms are given by:
0 = Dµναβφ
αβ
which gives:
0 = (+m2)
(
φµν − ηµνφ′
)
− ∂µ∂ · φν − ∂ν∂ · φµ + ∂µ∂νφ′ + ηµν∂ · ∂ · φ
+
1
µg
σα(µ∂
σ
(
φαν) − ∂ν)∂ · φα
)
(4 – 80)
Inarguably, these eoms are not very transparent. Nevertheless some standard
tricks can allow a dof count. To this end, the divergence and trace of the above
equation yields:
Divergence: =⇒ ∂ · φµ − ∂µφ′ = 0
Trace: =⇒ φ′ = 0 (4 – 81)
Putting together the eom becomes:
(+m2)φµν +
1
µg
σα(µ∂
σφαν) = 0
∂µφµν = 0
φ′ = 0
(4 – 82)
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The dof count is as follows. The first equation is for 6 symmetric components
in the symmetric field φµν . The next equation is used to eliminate 3 components
and the last kills one component. However, there is one extra dof due to the
presence of third-order derivatives. Thus, together these equations have 3 dof.
This is inline with what can be expected for a theory with 2 massive dofs coming
from FP mass term and one coming from the CS mass term. To realize the nature
of the propagating masses, constructing the propagator is necessary.
4.6.2 Propagator
Since the kinetic operator Dµναβ is non-gauge invariant. It can be inverted with-
out any gauge-fixing by going to momentum space. When inverting this operator
one encounters a polynomial which needs to be factorized. This factorization is
necessary from two points of view, which are not independent of each other. (a)
This will allow an understanding of how exactly are the two mass mechanisms
‘communicating’ with each other. (b) To express the propagator as sum of poles,
which is necessary to see the propagating modes clearly. Without further ado,
the mass-mixing polynomial is14:
k6 − µ2g(k2 −m2)2 = 0 (4 – 83)
Notice that this polynomial is of sixth order in k and cubic order in k2. Com-
paring with the similar scenario for spin-1 fields, (eq(3 – 36) in PCS theory) where
the mass-mixing polynomial was quadratic in k2, it is clear that the two scenar-
ios are similar. Moreover, a cubic polynomial will necessarily imply three roots,
which is exactly the propagating dofs in this theory, as per the counting from the
last section. In PCS theory, with spin-1 fields the two roots of the mass-mixing
polynomial were immediately identified as the masses of the propagating modes;
and the same will be pursued here.
To find the roots of this polynomial, two auxiliary functions A and B are
defined. These will allow the roots of the polynomial to be expressed conveniently.
These functions are:
A = −µ2g(µ2g − 6m2)
B =
(
2µ6g − 18µ4gm2 + 27µ2gm4 + 3
√
3
√
−4µ6gm6 + 27µ4gm8
)1/3 (4 – 84)
14When the author was doing this calculation, he was unaware that such a calculation for
this theory was already done. The calculations in the literature have slightly differing routes
(spin-projection operators in [61], and ADM-decomposition in [62]). Thus, the calculations by
the author provides an independent check for the calculations present in the literature.
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In terms of these functions A and B, the roots of the mass-mixing polynomial
are:
f1 =
1
3
µ2g −
21/3
3
A
B
+
B
3(21/3)
f2 =
1
3
µ2g +
(1 + i
√
3)
3(22/3)
A
B
− (1− i
√
3)
6(21/3)
B
f3 =
1
3
µ2g +
(1− i√3)
3(22/3)
A
B
− (1 + i
√
3)
6(21/3)
B
asserting:
k6 −m21(k2 −m22)2 = (k2 − f1)(k2 − f2)(k2 − f3)
(4 – 85)
The roots of the mass-mixing polynomial f1,f2, and f3, by their very appear-
ance suggest that this is not a simple mass-mixing. The square-root in B enforces:
27m2 > 4µ2g to avoid complex roots. This theory is not a very healthy theory,
since for a some parameters ghosts are present. So even though massive graviton
modes are present, this theory cannot be considered physical [63].
In order to gain a notion on this mass-mixing, consider the extreme limits:
• Taking the µg → ∞ limit corresponds to turning off the CS-mass term.
This should revert the theory to the FP theory for massive spin-2 fields.
Looking at the polynomial in eq(4 – 83), it is observed that the polynomial
drastically changes to give k2 −m2 = 0. This is expected on the grounds
of the theory turning into the FP theory. However, this limit is not well-
defined for the mixed masses f1,f2, and f3. They all diverge in this limit.
This suggests that the mode containing contributions from the CS-term is
mixed into all the mass functions fi.
• On the other hand, taking the limit m → 0, reduces the mass functions
f1 → µ2g, and both f2 = f3 = 0. This limit corresponds to removing the FP
term from the lagrangian, reducing it to TMG. This directly suggests that
two modes are switched off by switching off the FP-mass term.
These vague notions on the distribution of masses in the dofs will be cleared up
shortly.
The propagator for this theory is:
Gµναβ =
Y µναβ1
k2 − f1 +
Y µναβ2
k2 − f2 +
Y µναβ3
k2 − f3 (4 – 86)
This clearly shows that there are 3 dofs in the theory. Since, the tensor Y µναβi have
very lengthy opaque expressions in terms of tensors Xµναβi , they have been rele-
gated to the Appendix A. These expressions even though of considerable length
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as they are, can be verified. A consistency check is provided by considering the
propagator in the limits discussed above.
Notice, that the lagrangian for FPCS theory break gauge symmetry due to
the presence of the FP mass term. On removing the CS-term one gauge non-
invariant theory turns into another non-gauge invariant theory. Since this could
in principle happen without interfering with gauge-modes, this limit should work
properly. Indeed this is reflected in the propagator as well. Taking the µg → ∞
limit, has one problem: the mass-functions f1,f2, and f3 are all divergent in this
limit. One way to side-step this issue is to first express all the fi’s in terms of
the original masses m and µg. Looking at the definition of the mass-functions
fi’s it is clear that such a step will give an extremely long-tedious expression.
Putting µg → ∞ in this expression, however, reduces the entire propagator to
the propagator from the FP theory in eq(4 – 32).
Consider the opposite limit: Removing the FP-mass term from the FPCS la-
grangian should reduce this theory to TMG. However, TMG enjoys gauge sym-
metry. Therefore, taking m → 0 or f1 → µ2g, along with f2 = f3 = 0 should
create problems, as one gauge non-invariant theory is turning into a gauge-
invariant theory. Recall that theories with gauge symmetries, have redundant
gauge dofs mixed with the physical dofs. Since the FP mass generally excites
many more fields, than present in the massless theory, this limits should not
work out smoothly. For 2+1 dimensions, FP theory had 2 dofs, while TMG had
only 1 dof. Thus, putting m = 0, when the dofs are still mixed should cause
trouble. This is reflected in the propagator as well. Many of the terms in this
case diverge. This also suggests, that decoupling these mixed dofs can cure this
problem. Indeed, this will be seen to be true in the next section on Stu¨ckelberg
analysis.
4.6.3 Insights from Stu¨ckelberg Analysis - FPCS Theory
As has been remarked before, the mass-mixing in FPCS theory is complicated.
The mass-functions fi’s have complex expressions and are not always viable for a
physically relevant theory. The aim of the analysis of this section is to resolve the
uncertainties regarding the mass-mixing, resolve the massless limit of the propa-
gators, and hopefully provide some clues for the cubic nature of the polynomial
encountered in eq(4 – 83).
Much of analysis in this section is closely related to the Stu¨ckelberg analysis of
the FP theory presented in section 4.4. Since, most of the important ideas were
already presented in that section, here only the relevant details are discussed.
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To begin with, the field re-definitions are (same as in eq(4 – 43), reproduced
here for convenience)
φµν = Ψµν + ∂µΠν + ∂νΠµ
Πµ = piµ + ∂µχ
Ψµν = ψµν + χ
′ηµν
together:
φµν = ψµν + ∂µpiν + ∂νpiµ + ηµνχ
′ + 2∂µ∂νχ
(4 – 87)
Plugging these redefinitions, into the FPCS lagrangian in eq(4 – 77) results in a
lagrangian governing the dynamics of each of the additionally introduced fields.
To disallow the scalar field χ′ from being dynamically coupled to the trace of the
spin-2 mode ψµν , the scalar field is set as:
χ′ =
−2m2
d− 2 χ (4 – 88)
Now, the canonical vector field piµ and the canonical scalar field are rescaled:
piµ → 1
m
piµ
χ→ 1
m2
χ
(4 – 89)
Finally, the Stu¨ckelberg lagrangian for FPCS theory becomes:
LStuck = Lψµν + Lpiµ + Lχ + Lmix
where:
Lψµν = Lkinetic ψµν + LFP ψµν +
1
µg
Lcs spin-2
Lpiµ = −
1
2
FµνF
µν
(
with:Fµν = ∂µpiν − ∂νpiµ
)
Lχ = −2 d− 1
d− 2 χ
(
−m2 d
d− 2
)
χ
Lmix = −2m
(
ψµν∂(µpiν) − ψ′ ∂ · pi + (d− 1
d− 2) (2χ∂ · pi +mψ
′χ)
)
(4 – 90)
The only difference between the Stu¨ckelberg lagrangian of this section with that
of subsection 4.4.2, is the presence of the CS term for the field ψµν . As was
noted in the section on TMG 4.5.3, the CS term is not affected by these field re-
definitions. Additionally this lagrangian also enjoys the same gauge symmetries
as given in eq(4 – 47) and eq(4 – 48).
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Get rid of the mixed terms in Lmix, is possible thanks to the gauge symmetry
mentioned above. Since this lagrangian along the mixed terms is exactly the same
as was obtained before; the same steps are re-done. Using a de-donder like gauge,
a suitable gauge fixing term is added to the lagrangian. These terms are given
in eq(4 – 53). Adding these terms to the above lagrangian leads to a completely
diagonalized lagrangian. This lagrangian is:
Lgauge-fixed = Lψµν + Lpiµ + Lχ
where:
Lψµν = −
1
2
ψµν(+m2)ψµν +
1
4
ψ′(+m2)ψ′
− 1
4m1
ψµν
(
µ
αβ∂α(ψβν − ∂ν∂σψβσ) + (µ↔ ν)
)
Lpiµ = piµ (+m2) piµ
Lχ = −2 d− 1
d− 2 χ (+m
2) χ
(4 – 91)
Note that the presence of the CS mass term in the ψµν field. The lagrangian
for other fields is exactly the same as was obtained before. The propagators for
these fields piµ and χ are given in eq(4 – 56). Also, in that section a thorough dof
count for this lagrangian without the CS term was presented.
Now, on comparing these two lagrangians, it becomes clear that the mass-
mixing in this theory is truly different. This is because each mass-generating
mechanism is exciting a different mode. For 2+1 dimensions, the FP mass term
excites a massive vector the piµ field and a massive χ field. Contrarily, the CS
term does not excite any of the auxiliary fields, and only gives a mass to the ψµν
field. The ψµν field would be an unphysical non-propagating field without this
CS term. This explains why the three mass functions fi were diverging when
µg → ∞ limit was considered. Such a limit, would require the ψµν field to lose
dofs. However, due to the mixing this limit could not be reached.
In essence, it is now clear that the presence of two different mass-generating
mechanisms has excited three different fields. All three have received a mass in
this theory, and participate in the mass-mixing polynomial of eq(4 – 83). This
also explains why the mass-mixing polynomial of the FPCS theory was of cubic
order. In the spin-1 case, the proca mass excited a new longitudinal scalar which
was mixed with another dof present in the theory already. In PCS theory, the CS
term gave mass to the existing mode of the theory, and hence there were always
two dofs to begin with. In the case of spin-2 fields, however, it is seen that the
addition of CS term to the FP theory gives mass to modes which were absent
from the theory.
All of these comments suggest that the Stu¨ckelberg lagrangian governing the
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dynamics of the decoupled mode should be continuous with both the respec-
tive theories. This is the case. The propagator for the fields piµ and χ (see
eq(4 – 56))have well-defined massless limits. These modes decouple from the
theory on setting m→ 0, as can be seen from the eq(4 – 44). The propagator for
the field ψµν will now be calculated.
Although the different modes in the φµν field have been decoupled, a non-
trivial interesting mass-mixing still exists. The ψµν field obtains its mass from
both the FP and the CS mechanisms, as can be seen from its lagrangian. For
inverting the kinematic operator sandwiched in this lagrangian, one again meets
the same mass-mixing polynomial eq(4 – 83). That the same polynomial appears
is hardly a surprise, because of the presence of the 3rd-order derivatives in the CS
term. Recall that a theory of pure CS term is equivalent in physical content to
a massless theory. Nevertheless, this object has an inverse and requires no-gauge
fixing. The propagator for the ψµν field is:
Gµναβψµν =
Zµναβ1
k2 − f1 +
Zµναβ2
k2 − f2 +
Zµναβ3
k2 − f3 +
Zµναβ4
k2 − 2f1f2f3
f1f2+f2f3+f1f3
(4 – 92)
Alas, the expressions for the tensor Zµναβi is too lengthy to put here. It can
be found in Appendix A. The mass functions fi here are necessarily the same as
those in eq(4 – 85), since they come from the same polynomial. The interesting
thing about the above propagator is the addition of a new pole! It is this pole
and its funny mass, which will allow this propagator to have well defined limits.
The expression for this propagator, under the two extreme limits becomes:
lim
µg→∞
Gµναβψ =
1
k2 −m2
(
(ηµαηνβ + ηµβηνα)− 2
d− 2η
µνηαβ
)
lim
m→0
Gµναβ =
1
k2 − µ2g

−µ2g
k2
Xµναβ1 + (−1 + 2µ
2
g
k2
)Xµναβ2
+ 1
k2
(Xµναβ3 −Xµναβ4 − 1k2Xµναβ5 )
+ iµg
2k2
(Xµναβ6 − 1k2Xµναβ7 )

(4 – 93)
The first propagator is the same propagator as in eq(4 – 56) that was obtained
for the spin-2 mode in the after Stc¨kelberging the FP theory. As such, it comes
with the nice property of giving 0 (since in 2+1 dimensions, this mode cannot
carry any dof). The second propagator is the same as the gauge fixed propagator
for the TMG theory with ξ = 1, as in eq(4 – 75). Thus, the Stu¨ckelberg analysis
has successfully disentangled all mixed dof’s and has truly made the theoretical
objects continuous. All propagating dofs in this theory are now accounted for.
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With this, the analysis of the spin-2 fields obtaining masses from both FP and
CS mechanisms is concluded.
To conclude this chapter: multiple theories of massless and massive spin-2 fields
corresponding to linearized gravity were studied. All of the theories studied can
be constructed from many differing routes. In this chapter, the focus was kept on
using the formulation of HS fields. This benefit of using this formulation is that it
allows a clear insight into the ingredients of each theory. Gauge invariant massless
theory of spin-2 fields corresponding to linearized GR was shown to have no
propagating dofs. The FP theory was introduced, and it was shown to excite two
dofs in 2+1 dimensions. The issues with this theory, namely vDVZ discontinuity
and Boulware-Deser ghost were discussed. Using Stu¨ckelberg analysis, the nature
of these new dofs and their propagation was detailed. TMG theory was shown
to have one parity-violating transverse dof. Finally, a theory with both mass-
mechanisms FPCS was constructed and carefully looked into. The presented
analysis details how this mass-mixing occurs and through a Stu¨ckelberg analysis
propagators for each dof with well-behaving massless limits were calculated.
Chapter 5
Topologically Massive Bimetric
Gravity
To the beginning student
mountains are mountains and
water is water. To the advanced
student mountains stop being
mountains and water stops being
water. To the master mountains
are mountains again and water is
water again.
Reference Manual, FORM[64]
5.1 Perspective: Towards Non-Linear Massive
Gravity
In this thesis, so far, multiple theories of massive and massless fields in 2+1
as well as 3+1 dimensions have been considered. The Boulware-Deser ghost
instability was discussed in subsection 4.3.3. It was seen that the FP-tuning of
the coefficient γ → 0 was necessary to ensure that no higher-derivative ghost dof
propagated in that theory. Since this additional mode comes with a wrong sign in
the propagator (negative kinetic energy), this signalled a fatal blow to the theory
of massive gravity: (a) Classically, giving rise to unbounded Hamiltonians, and
(b) Quantum Mechanically, violating unitarity. For the linearized description of
massive gravity, hence, the FP-tuning was sufficient to ensure a healthy theory.
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Generally, it was considered that a non-linear theory of massive gravity is nec-
essarily sick because this ghost dof always seemed to reappear. The conclusions
from the analysis of Boulware and Deser were so strongly accepted, that this field
saw no considerable progress for a prolonged period of about 30-40 years[17]. The
twisted and amusing history of the development of a consistent non-linear theory
of massive gravity is readily available in the literature (see [5, 16, 17] for a review).
The dRGT theory of massive gravity proposed in 2010, was the first consistent
theory of non-linear massive gravity which did not suffer from the Boulware-Deser
ghost instability. In 2012, Hassan and Rosen generalized the dRGT theory to the
ghost free Bimetric theory of gravitation [65, 15]. It is this generalized theory
and its topological-extension which forms the subject of the present chapter.
The first section is devoted to formulate and review the bimetric theory of
gravity for arbitrary d-dimensions. Along the sides, special cases of 3+1 and 2+1
dimensions for this theory will be pointed. The presentation of both 3+1 and 2+1
dimensions will serve to bring for a comparison of the differences arising in the
bimetric theory. After setting up the action, the non-linear eoms and the gauge
symmetry in this theory is presented. The absence of the problematic Boulware-
Deser ghost is qualitatively discussed through an ADM decomposition, which
allows a dof count for the non-linear theory to be completed. To investigate
the nature of excitations in this theory, it is important to study its linearized
version. This, on the other hand, can only be done if flat spacetime is an allowed
solution for this theory. This is explicitly verified and leads to the discussion
of the parameter space in this theory. Perturbations in the bimetric theory will
allow the complete lagrangian to be diagonalized into two separate excitations.
These excitations correspond to gravitons of this theory, and are studied at the
end of this review.
Going back to 2+1 dimensions, it is interesting to note that the Boulware-
Deser ghost problem was completely absent from the theory of TMG. The theory
of TMG, hence, appears as a natural, healthy formulation of massive gravity in
2+1 dimensions. It will be, therefore, interesting to see what happens when the
bimetric theory is deformed with a CS mass term. This novel extension of the
bimetric theory will be studied in detail in the next section.
Finally, a theory of minimally coupled photons to gravitons will be considered.
Studying their interaction, the quantum loop corrections to gravitons arising from
photons running in loops, will be calculated. Having, studied both CS-massive
photons in TME and Proca-massive photons in Proca theory in chapter 3, it
will be interesting to calculate the interactions arising from photons which obtain
their masses from both of these mechanisms. With these loop calculations this
chapter will be concluded.
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5.2 The Theory of Bimetric Gravity
The theory of bimetric gravity presents itself as the most general non-linear de-
scription of massive spin-2 fields which is free of the Boulware-Deser ghost. The
theory posits an additional independent metric field fµν . This theory is different
from Massive gravity (of the dRGT type) since it promotes the secondary refer-
ence metric field fµν into a dynamical tensor with its own curvature and coupling
to matter. Apart from being coupled to all matter sources, the other metric fµν
is also coupled to the original metric gµν in a very special way. The construction
of the interaction between the two metrics is such that it leads to an additional
constraint which removes the Boulware-Deser ghost. The removal of this ghost
from the complete non-linear theory can be considered as the completion of the
massive gravity program initiated by Fierz-Pauli in 1939.
Being a non-linear theory of massive gravity, the notion of mass, for arbitrary
backgrounds, calls for attention. It was seen in section 2.2, that the notion of mass
was deeply connected with the symmetries of the background spacetime. Arising
as a Casimir invariant, the concept of mass can be generalized to arbitrary back-
ground with the same amount of symmetries as the Minkowski background, i.e.
de Sitter and Anti-de Sitter backgrounds. For other backgrounds, the notion of
mass is difficult to define. Generally, the classification of fields as being massive
or massless can still be made by looking at the number of dofs these fields prop-
agate. As was seen from the Stu¨ckelberg analysis of section 4.4, massive fields
usually propagate many more dofs than their massless counterpart. To be precise,
a parameter of the theory can earn the label of mass if on setting it to zero, the
theory becomes gauge invariant, thereby reducing the number of physical dofs to
that of a massless field. It is in this sense, that the words massive gravity are
used for the non-linear theory.
5.2.1 Action
The setup of the bimetric theory, as the name suggests, will consist of two in-
dependent metrics gµν and fµν , with their own dynamics. There is, also, an
interaction between these the two metrics which will be mediated via a potential
term. Following the same definitions used by GR, quantities describing curvature
can be defined for each metric. Although mentioned earlier, the following remarks
are repeated:
• Geometrical objects with a tilde on top like, A˜, means that this object has
been defined with respect to the metric fµν . Conversely, A, without tilde is
defined with respect to the metric gµν .
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• In anticipation of perturbations, objects with a bar on top such as, g¯µν or
∇¯, denote objects which are defined with respect to the background.
The action for Bi-metric theory in d-dimensions is given by:
Sbi =
∫
ddxLbi
Lbi = md−2g
√
|g|Rg +md−2f
√
|f |R˜f + 2md
√
|g|V (X; βn)
(5 – 1)
Here, Rg and R˜f denotes the Ricci Scalar defined with respect to metric g and
metric f , respectively and mg and mf denotes the Planck masses. The parameter
m is a mass scale, but is not an independent parameter of the theory. It is conve-
nient to define ratios of the Planck masses and the mass scale. These definitions
are:
M2 =
md
md−2g
α =
mf
mg
(5 – 2)
The first two terms in the bimetric lagrangian are the same as the terms coming
from the Einstein-Hilbert action for each metric. The interesting part about this
theory comes from the third term. The potential V (X; βn) is defined through a
curious combination of the two metrics interacting via a square-root matrix X as
follows:
X =
√
g−1f
or
XµτX
τ
ν = g
µαfαν
(5 – 3)
The potential is finally expressed via the invariants of this square-root matrix X
through the usage of elementary symmetric polynomials en(X).
V (X; βn) =
d∑
n=0
βnen(X)
4d
= β0e0(X) + β1e1(X) + β2e2(X) + β3e3(X) + β4e4(X)
3d
= β0e0(X) + β1e1(X) + β2e2(X) + β3e3(X)
(5 – 4)
From the definition of the potential term, it is clear that in a d-dimensional
setup, the theory demands d + 1 coefficients βn. Not all of these coefficients
are independent. Mathematicians have several ways of defining the elementary
symmetric polynomials; in this thesis a comprehensive recursive relation is used.
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The first polynomial, for any matrix, is equal to 1. The rest are defined as:
e0 = 1
and ∀n ≥ 1
en(X) =
1
n
n∑
k=1
(−1)k+1Tr(Xk)en−k(X)
(5 – 5)
For any d× d matrix X, en(X) = 0, ∀n > d and ed(X) = detX. This implies that
these polynomials are finite in number. Note: Tr(A) denotes the trace of matrix
A.
In order to gain an impression on these polynomials, their explicit expressions
for 2+1 dimensions is given:
e0(X) = 1
e1(X) = Tr(X)
e2(X) =
1
2
(
Tr(X)2 − Tr(X2)
)
e3(X) =
1
6
(
Tr(X)3 − 3 Tr(X2) Tr(X) + 2 Tr(X3)
)
= det(X)
(5 – 6)
Due to the symmetric properties of the elementary symmetric polynomials, there
is a symmetry relation for the potential term. This is expressed as:√
|g| V (
√
g−1f ; βn) =
√
|f | V (
√
f−1g; βd−n) (5 – 7)
This suggests that the bimetric-theory of gravity is symmetric under the ex-
change of the two metrics (along with βn ↔ βd−n). This an elegant feature of
the bimetric theory: both the metrics are placed on equal footing. The dRGT
theory did not have this feature, wherein the other metric was only used to sup-
ply an additional constraint ensuring the absence of Boulware-Deser ghost. In
this manner, the bimetric theory is a truly general theory of non-linear massive
gravity.
5.2.2 Non-linear EOMs
To obtain the non-linear equations of motion for both metrics gµν and fµν , the
variation of the action Sbi with respect to each metric is considered. The elemen-
tary symmetric polynomials have various identities which are used to calculate
their variations. These identities are listed in Appendix B. Using these identities
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the following can be proven, inductively:
with: δe0(X) = 0
for n > 1
δen(X) =
n∑
k=1
(−1)k+1 Tr(Xk−1 δX)en−k(X)
(5 – 8)
Using identities of trace such as
Tr(δ(Xm)) = mTr(Xm−1 δX)
along with the variation of X, the variation of the potential term can be system-
atically evaluated. With these calculations, the variation of all the terms in the
lagrangian is evaluated to be:
δ(
√
|g|Rg) =
√
|g| Gµν δgµν
δ(
√
|f |R˜f ) =
√
|f | G˜µν δfµν
δ(
√
|g|V ) =
√
|g| V gµν δgµν
=
√
|f | V fµν δfµν
(5 – 9)
Using these variations, the non-linear eoms can be put in a rather readable form.
The equations of motion for bimetric gravity are:
for metric gµν : Gµν +M
2V gµν = 0
for metric fµν : G˜µν +
M2
αd−2
V fµν = 0
(5 – 10)
Here, Gµν represents the Einstein tensor for metric gµν and correspondingly G˜µν
is the Einstein tensor for the metric fµν . The contribution from the interaction
term in the lagrangian is encoded in the potential terms V gµν and V
f
µν . These, in
turn, are related to the square-root X by the following relations:
V gµν =
d∑
n=0
(−1)n βn gµρ Y ρ(n)ν(X)
V fµν =
d∑
n=0
(−1)n βd−n fµρ Y ρ(n)ν(X−1)
(5 – 11)
These potentials involve a matrix Y whose definition in component notation is:
Y ρ(n)ν(X) =
n∑
r=0
(−1)r (Xn−r)ρν er(X) (5 – 12)
For clarity, in the above equation ρ and ν are indices denoting the components
of matrix Y , and n is a running label. Finally, due to an overall covariance of the
interaction term, there is a relation between the divergences of the potentials V gµν
and V fµν . This identity is:√
|g| gµα∇αV gµν = −
√
|f | fµβ∇˜βV fµν (5 – 13)
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5.2.3 Gauge Symmetry
If the interaction term in the bimetric lagrangian eq(5 – 1) was absent, then the
two metrics would enjoy separate diffeomorphism invariance. The presence of
interactions, breaks this gauge symmetry into a diagonal subgroup. What this
means is that the entire bimetric theory enjoys general coordinate invariance un-
der those gauge transformations that transform both the metrics simultaneously.
Consider a gauge transformation for an arbitrary vectorial gauge parameter ξµ:
xµ → x′µ = xµ + δxµ
δxµ = ξµ
(5 – 14)
With this transformation, the bimetric theory is invariant for the following trans-
formations of the two metrics:
for metric gµν : δgµν = −2gα(µ)∇ν)ξα
for metric fµν : δfµν = −2fα(µ)∇˜ν)ξα
(5 – 15)
There is gauge symmetry in bimetric gravity. As expected, a theory of two
coupled metrics enjoys gauge symmetry under those transformations where the
metrics transform simultaneously (each transformation cancelling the effect of the
other).
5.2.4 Counting dof & Absence of Boulware-Deser ghost
A general dof count for the bimetric theory of gravity in arbitrary d dimensions
can now be done. This goes as follows: The two independent symmetric metrics
satisfy their respective non-linear eom given in eq(5 – 10). Thus, there are 2 ×
d(d+1)
2
components to begin with. The gauge-freedom described in the previous
section can be used to eliminate 2d components (d for each metric). The relation
between the divergences of the potential terms in eq(5 – 13) together with the
non-linear eom in eq(5 – 10) implies a Bianchi constraint (∇µV gµν = 0). This
constraint eliminates d components. The remaining components are:
remaining components: d(d− 2)
Plugging d = 4, implies that there are 8 components left. Of these 8 components,
5 belong to a massive spin-2 field, 2 belong to a massless spin-2 field, and the
remaining dof is the Boulware-Deser ghost. Plugging d = 3, gives 3 components.
Noting that massless spin-2 fields do not carry any propagating dof in 2+1 dimen-
sions, the Boulware-Deser ghost is seen again. It is imperative to keep in mind,
that at the non-linear level the dofs have not been disentangled into massive and
massless modes. The labels here are only meant to serve as an indicator.
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That the Boulware-Deser ghost instability is still present is not a surprise,
since its absence has not been discussed yet. Although not discussed so far, the
absences of this ghost-mode has been built into the bimetric theory. In fact the
demand for the absence of this ghost mode, in the first place, is exactly the
reason why a square-root matrix exists for the potential term in the lagrangian.
A qualitative discussion for the absence of this ghost-mode is presented here
(for a thorough proof see [17]). The ADM decomposition of GR allows for a
Hamiltonian formulation providing the theory with the possibility of a constraint
analysis. In ADM decomposition, the metric gµν is decomposed into a scalar
called Lapse (N), a spatial-vector called Shift (Ni), and a spatial-metric γij (very
reminiscent of Stu¨ckelberg field re-definitions). For GR the Lapse and Shift do
not correspond to physical dof and are only gauge dofs (there is no kinetic-term
for these in the lagrangian). The spatial-metric contains propagating dofs and
the gauge invariance of GR reduces the independent number of components in
the spatial-metric to:
GR:
d(d− 1)
2
− d = d(d− 3)
2
These are, ofcourse, exactly the same number of components for a massless spin-2
field in d-dimensions.
For massive gravity, the spatial-vector Shift (Ni) becomes dynamical and there-
fore adds d− 1 components to massless theory. This gives:
massive gravity:
(d− 2)(d+ 1)
2
components. This is exactly the same as that of a massive theory of spin-2
fields. However, the above is only true when the scalar Lapse (N) remains non-
dynamical. This is the reason why the FP-tuning γ = 0 was necessary in the
FP theory. Spoiling that tuning, almost always, makes the scalar Lapse become
dynamical. This adds one more dof to the theory, which is the Boulware-Deser
ghost!
For any non-linear theory of massive gravity, the absence of this ghost instabil-
ity demands that the scalar Lapse always remains non-dynamical, or equivalently,
the lagrangian is linear in N . In the ADM decomposition of metric gµν , the scalar
Lapse (N) enters as a quadratic quantity. The square-root matrix X =
√
g−1f ,
is thus the primary reason why the lagrangian remains linear in Lapse N . This
ensures that a square-root based interaction term in the lagrangian will always
keep the extra scalar dof as non-dynamical. The dof count for bimetric theory
can now be completed.
bimetric dof: = d2 − 2d− 1 (5 – 16)
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Plugging d = 4, gives 7 components where 5 will correspond to a massive spin-2
field and 2 belong to a massless field. Further for d = 3, the bimetric theory offers
2 dofs all of which are in the massive component of a spin-2 field. Hence, the
Boulware-Deser ghost is removed from the theory.
The dof count in this section suggests that the dofs present in the bimetric
theory have exactly the correct number of dof for a massive and a massless spin-2
field to be present simultaneously. This is not a coincidence, and indeed, the
perturbations of bimetric theory can be resolved into one spin-2 field which is
massive and another spin-2 field which is massless. Since, the only allowed the-
ory for massive spin-2 fields (ofcourse excluding TMG which is special to 2+1
dimensions) is the FP-theory, it can be expected that on linearizing bimetric
gravity one should obtain a theory which contains an FP theory plus linearized
GR. Linearizing bimetric gravity involves an expansion of the two metrics gµν
and fµν about the Minkowski flat background ηµν . The possibility of such an
expansion can only arise if the bimetric theory allows Minkowski background as
a solution. This is verified in the next section for both 3+1 dimensions and for
2+1 dimensions.
5.2.5 Parameter Space for Minkowski Solutions
An important class of solutions allowed by the bimetric theory are derived by
making an ansatz upon the nature of relation between the two metrics. This
ansatz relates the two independent metric conformally and is called Propor-
tional Background Ansatz (PBA), given by1:
fµν = ρ
2gµν (5 – 17)
Here ρ(x) is a spacetime dependent function. An additional benefit of this ansatz
is the extreme simplifications it brings upon the analysis. These simplifications
are brought forth by looking at the implications of this ansatz. These implications
are presented below:
Implications of Proportional Background Ansatz (PBA)
1. Elementary Symmetric Polynomial:
Consider, the square root matrix X:
Xµρ X
ρ
ν = g
µα fαν = ρ
2 δµν
=⇒ X = ρ 1 (5 – 18)
1The letter ρ, instead of c which is prevalent in the literature, is used here to denote the
constant of proportionality.
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From this, the elementary symmetric polynomials simply become:
en(X) = ρn
(
d
n
)
en(X−1) = ρ−n
(
d
n
) (5 – 19)
2. Bianchi on EOM (5 – 10):
Since, the Einstein tensor is divergence-less, it implies
∇µ V gµν = ∇µ V fµν = 0 (5 – 20)
Following this through, leads to ∂µρ = 0, which implies that the ρ parameter
is a constant.
3. Simplification of Potentials V gµν and V
f
µν:
Using (5 – 18) and (5 – 19) on the definition of V gµν and V
f
µν in (5 – 11), one
obtains:
V gµν = gµν
d∑
n=0
n∑
k=0
(−1)n+k βn ρn
(
d
k
)
V fµν =
gµν
ρd−2
d∑
n=0
n∑
k=0
(−1)n+k βd−n ρd−n
(
d
k
) (5 – 21)
Note, that apart from the explicit presence of the metric gµν , all the other
terms are constants. As such, they now contribute as ‘new’ cosmological
constants in the eom (5 – 23).
4. Einstein Tensors:
Since, the Einstein tensor is scale invariant, there is another interesting
simplification:
Gµν = G˜µν (5 – 22)
5. Equations of Motion:
Finally, all of the above can be put together to write the equations of motion
for the two metrics. These equations take the following simple form:
for metric gµν : Gµν + Λg gµν = 0
for metric fµν : Gµν + Λf gµν = 0
(5 – 23)
It is noted that now the difference between the dynamics of the two metrics
comes only from the cosmological constants Λg and Λf . These constants
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are:
In 3+1 dimensions:
Λg = M
2 (β0 + 3β1 ρ + 3β2 ρ
2 + β3 ρ
3)
Λf =
M2
α2ρ2
(β1 ρ + 3β2 ρ
2 + 3β3 ρ
3 + β4 ρ
4)
In 2+1 dimensions:
Λg = M
2 (β0 + 2β1 ρ + β2 ρ
2 )
Λf =
M2
αρ
(β1 ρ + 2β2 ρ
2 + β3 ρ
3 )
(5 – 24)
From the new cosmological constants above, it is clear that the parameters
β0 and βd do not measure any interaction between the two metrics. They are
present only as cosmological constants. This can be seen as follows: (a)For β0
(cosmological constant for metric gµν), this is clear from eq(5 – 24); (b) For βd,
it is recalled that if the eom in eq(5 – 23) were written in terms of the metric
fµν , then an additional factor of ρ
−2 from the PBA ansatz will be carried along.
Plugging this in the cosmological constants, this implies that this ρ−2 will exactly
cancel the remaining factor of ρ2 (standing in front of βd in Λf ) and thereby, turn
the parameter βd into a pure constant for metric fµν .
Parameter Space for Minkowski Solutions
Finally, the parameter space which allows for Minkowski solutions can be looked
into. This study has been divided into two parts; one for each of the dimensions
of interest:
1. 3+1 dimensions:
The first constraints comes from the realization that for the eom of the two
metrics in eq(5 – 23) to be consistent, the following must hold:
Λg = Λf (5 – 25)
This condition can be used to eliminate one out of the 5 βn parameters
available in 3+1 dimensions. As an example, it is used here to eliminate β4.
The parameter β4 is now completely determined from consistency criterion
alone. For completion, it is given by:
β4 = −β1 + 3β2ρ− β0α
2ρ+ 3β3ρ
2 − 3β1α2ρ2 − 3β2α2ρ3 − β3α2ρ4
ρ3
(5 – 26)
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Next, plugging in the minkowski metric ηµν for both the eoms in eq(5 – 23),
it is noted, that the Einstein tensor for minkowski metric vanishes trivially.
This leads to:
Λg = Λf = 0 (5 – 27)
This may seem to give rise to two conditions, however this is not the case.
In essence, the two conditions are the same. Again, this freedom is used to
eliminate one of the four remaining unknown coefficients. Here, for example,
β0 is chosen to enforce that both of the cosmological constants Λg and Λf
are 0, giving:
β0 = −3β1ρ− 3β2ρ2 − β3ρ3 (5 – 28)
In conclusion, Minkowski backgrounds are an allowed solution for the bi-
metric theory under the PBA ansatz. There are 3 unknown remaining
independent parameters which measure the strength of interaction between
the two metrics2.
2. 2+1 dimensions:
In 2+1 dimensions, there are 4 βi parameters. Following the same procedure
as above, β3 is eliminated from consistency alone. Next β0 is fixed to ensure
that flat spacetime is a viable solution of the equations of motion in 2+1
dimensions. The eliminated parameters are:
β3 = −β1 − β0α
2 + 2β2ρ− 2β1α2ρ− β2α2ρ2
ρ2
β0 = −2β1ρ− β2ρ2
(5 – 29)
In contrast to 3+1 dimensions, there are only 2 remaining independent
parameters, namely β1 and β2.
5.2.6 Perturbations in Bimetric Gravity
Having confirmed that flat Minkowski spacetime is an allowed solution in the
bimetric theory of gravity for both 3+1 and 2+1 dimensions, one could now
venture to explore the dynamics of linear perturbations or ‘gravitons’ in this
theory. In order to do so, the following linear perturbations are defined:
fµν = f¯µν + λδfµν
gµν =
1
ρ2
(g¯µν + λδgµν)
(5 – 30)
2Further studies into the bimetric theory are done by first putting all but one βn parameters
to 0. The theory that remains is called βi model of bimetric theory for the ith parameter which
governs the interaction.
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PBA only implies the background metrics f¯µν and g¯µν to be related via eq(5 – 17).
The perturbations of the two metrics are independent of each other. Factorizing
ρ−2 from the perturbation δgµν simplifies some of the calculations.
To obtain the lagrangian governing the dynamics of the perturbations, the
above definitions are plugged back into the lagrangian for bimetric gravity. Some
effort in this long and tedious calculation is saved by noting the following key
points:
• As the background for constructing propagators will be Minkowski, one can
let the background metrics f¯ and g¯ go to ηµν already. That is indices can be
raised or lowered with respect to Minkoski metric. All covariant derivatives
will reduce to partial derivatives. This implies that all of the curvature
objects in the expansion of Lbi at O(λ0) will vanish completely.
• The expansion of Lf and Lg is not independent of each other. Noting that,√|g|Rg = ρ2−d√|f |R˜f , the expansion of geometric objects needs to be
done once only. (This is the reason why ρ−2 was explicitly factored out in
eq(5 – 30))
• Calculations should be done for a d-dimensional manifold. This allows the
results for both 2+1 and 3+1 dimensions to be evaluated simultaneously.
This gives (showing only parts quadratic in perturbations):
Lf√|η| = md−2f
(
λ0(0) + λ1(. . . ) +
λ2
4
Lkinetic spin-2 (δfµν)
)
Lg√|η| = (mgρ )d−2
(
λ0(0) + λ1(. . . ) +
λ2
4
Lkinetic spin-2 (δgµν)
)
Lint√|η| = (mρ )dλ2
(
v1(δg
µνδgµν) + v2(δg
′δg′) + v3(δfµνδfµν) + v4(δf ′δf ′)
+ v5(δg
µνδfµν) + v6(δg
′δf ′)
)
(5 – 31)
Here, 6 new coefficients have been defined for simplifying the expression of the
interaction lagrangian. The coefficients vi are composed of the βn parameters,
ρ and also have a dependence on the number of dimensions-d. Their explicit
expressions are rather long, un-illuminating, thereby earning a place in Appendix
B. On the other hand, imposing restrictions to enforce PBA and flat solutions
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gives them a rather simplified form. These can be expressed as:
On imposing PBA and Minkowski:
v1 = −v2 = v3 = −v4 = −2v5 = 2v6 = nd
and:
n4 = β1ρ+ 2β2ρ
2 + β3ρ
3
n3 = β1ρ+ β2ρ
2
(5 – 32)
The presence of mixed terms in the lagrangian eq(5 – 31) (corresponding to v5
and v6) clearly indicates that this lagrangian needs to be diagonalized. In order
to do so, linear combinations of the perturbations are defined as follows:
δgµν = a1φµν + a2ψµν
δfµν = a3φµν + a4ψµν
(5 – 33)
The coefficients in the above equation now have to be carefully chosen such that
the lagrangian in eq(5 – 31) separates into two decoupled parts governing the
dynamics of the two fields φ and ψ separately. At this point a choice is present:
de-coupling the mixing terms will lead to a mass term for one field and make the
other a massless field. Here, it is chosen to make the field φ massive with the
following choice:
a2 = a4
a3 = − a1
(αρ)d−2
(5 – 34)
Thus, the lagrangian governing the linear combination of perturbations has
been completely diagonalized. This can be written very neatly as:
L(2)bimetric = σφ
(
Lkinetic spin-2(φµν) +m2fp(φ2 − φ′2)
)
+ σψ
(
Lkinetic spin-2(ψµν)
)
where:
σφ = (
mg
ρ
)d−2(1 + (αρ)2−d)
σψ = (
mg
ρ
)d−2(1 + (αρ)d−2)
(5 – 35)
The value of the Fierz-Pauli mass term for field φµν is given by:
m2fp =
M2
ρ2
nd(1 + (αρ)
2−d) (5 – 36)
The above equation gives the expression of the FP mass for the field φµν in any
dimension. Note: the expression of the parameter nd was given in eq(5 – 32). On
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comparing this value with literature (eq-3.10 in [65]), it is noted that the value
above (for d=4) has an extra factor of ρ−2. This is due to the extra ρ−2 which
was factorized from the definition of the perturbations in eq(5 – 30). Thus, these
calculations verify those in the literature. The Planck masses for each field are√
σψ and
√
σφ. For the massless field ψµν it becomes:
√
σψ =
√
(
mg
ρ
)d−2(1 + (αρ)d−2) (5 – 37)
In d=4, this gives the same expression as (eq-3.11 in [65]).(Ofcourse, differing by
a factor of ρ−2 for the same reasons as pointed before). Additionally, note during
diagonalizing overall factors of a1 and a4 were ofcourse undetermined. They were
conveniently set to 1.
5.2.7 Propagators
So far, the perturbations arising in bimetric theory have been used to diagonalize
the bimetric lagrangian. This can be schematically written as:
L(2)bimetric = σφLφ + σψLψ
The lagrangian for the perturbations in eq(5 – 31) confirms explicitly that the lin-
ear perturbations under the PBA ansatz have resolved themselves into a massive
spin-2 field governed by the FP lagrangian and a massless spin-2 field governed
by the massless spin-2 lagrangian. That the FP lagrangian has reappeared should
not come as a surprise, since it is the only consistent lagrangian for massive spin-2
fields.
These lagrangians were analyzed rigorously in the preceding chapter. Their
dofs and eoms were also studied. Most of the information can bee seen through
the propagators. To calculate the propagator for the fields φ and ψ arising in
the bimetric theory, one only needs to put the correct expressions for the mfp,
and Planck masses at the right places (in the propagators calculated in the last
chapter). Doing so, the following propagators for the two fields are obtained:
Gµναβψ =
1
σψk2
(
Xµναβ1 −
2
d− 2X
µναβ
2
)
Gµναβφ =
1
σφ(k2 −m2fp)
(
Xµναβ1 −
2
d− 1X
µναβ
2 −
Xµναβ3
m2fp
+
2
(d− 1)m2fp
Xµναβ4 +
2(d− 2)Xµναβ5
(d− 1)m4fp
)
(5 – 38)
The first propagator confirms that the ψµν field is massless. In 2+1 dimensions,
this propagator identically goes to 0! The second propagator shows the massive
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nature of the φµν field. These propagators have been written in terms of tensor
Xµναβi for convenience. The expressions for these tensors is given in Appendix A.
5.2.8 Important Limits of Bimetric Gravity
It is, ultimately, essential that GR is recovered from bimetric theory under ap-
propriate limits. Also, the opposite limit that of obtaining a massive non-linear
theory for one metric should exist. That was, in principle at least, the whole idea
behind the program of massive gravity. Without any hesitations, these limits are
now discussed3:
Bimetric Theory→ GR: The bimetric theory being completely symmetric in
both metrics, allows for any of the two metric to become the metric used in GR.
Choosing gµν to take that role, the non-linear eom from eq(5 – 10) are re-written
here.
for metric gµν : Gµν +M
2V gµν = 0
for metric fµν : α
d−2G˜µν +M2 V fµν = 0
(5 – 39)
Thus, it is seen that on setting α → 0, the dynamics of the fµν metric drops
away. This can also be seen at the level of the bimetric lagrangian in eq(5 – 1).
The remaining equation V fµν = 0 is algebraic and its solutions are proportional
background which fix the ρ parameter of the theory. This turns the other potential
V gµν into a purely cosmological constant. Thus, in this limit GR is recovered
Bimetric Theory → Massive Gravity: Conversely, consider the limit α →
∞ in the EOMs:
for metric gµν : Gµν +M
2V gµν = 0
for metric fµν : G˜µν +
M2
αd−2
V fµν = 0
(5 – 40)
The effect of this limit on the metric fµν is to turn it into a massless reference
metric. This metric decouples from the theory and will have no dependence on
the metric gµν . The other metric is now massive with a mass scalar governed
by M . This is similar to the scenario in which non-linear massive gravity was
first developed as in the dRGT theory. Note, a non-linear theory of massive
3These limits are only discussed for the version of the theory presented here. A more
realistic theory should include matter-gravity couplings for each metric. In the presence of such
couplings, these limits need to be suitably modified [17].
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gravity requires a reference metric to get rid of the ghost-mode. This ‘strange’
requirement is the reason why massive gravity took so long to be formulated
consistently.
To conclude this section, it seems to the author, a summary is necessary to take
stock of all that has happened so far. At first, the bimetric theory of gravitation
was introduced. This theory involved two independent metrics, on equal footing,
interacting with each other through a square-root potential. The interaction term
of this theory was expressed in terms of the elementary symmetric polynomials for
the matrix X =
√
g−1f as in eq(5 – 4) or eq(5 – 11). This square-root interaction
term is a peculiar necessity in order to ensure the absence of the Boulware-Deser
ghost from the full non-linear theory. To explicitly verify the mass-eigenstates in
this theory flat background solutions were imperative. The PBA ansatz which
means that although the two metric are flat; they could still in principle differ by
some scale factor ρ2 in eq(5 – 17) was put in force. Several implications of this
ansatz were listed in section 5.2.5. Having confirmed that flat space is allowed by
the theory, the nature of perturbations that arise in this theory was investigated.
The lagrangian in eq(5 – 35), describes those perturbations. It is composed of a
massless field ψµν as in standard linearized Einstein-GR along with a Fierz-Pauli
massive field φµν .
That the complicated theory of bimetric gravity expressed in eq(5 – 1) can be
simplified enough to these two structures is most certainly a remarkable feature
of bimetric gravity.
5.3 Topologically Massive Bimetric Gravity
So far, it has been seen that the bimetric theory of gravity is a very general and
a significantly non-trivial extension to GR. This theory allowed massive gravity
to obtain its own non-linear theory without the problematic appearance of the
Boulware-Deser ghost. A major outcome of this thesis is to suggest an extension
of the bimetric theory of gravity in 2+1 dimensions. This attractive extension
involves giving a CS-term to each metric in the bimetric theory. Such an extension
is interesting since: (a) GR by itself does not propagate any physical dof. The
FP theory of linear spin-2 fields was successful in making this field massive, by
exciting auxiliary vector and scalar modes. (b) pure CS theory of spin-2 fields in
2+1 dimensions is physically equivalent to GR, and TMG made the tensor mode
of the spin-2 fields massive. (c) Thus, one immediately wonders what happens
when the non-linear bimetric theory is deformed with a CS term? Does the theory
reduce to two copies of TMG? Since CS terms find their origin in topology, will the
presence of these terms affect the outcome of bimetric theory in 2+1 dimensions?
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On consistency grounds alone, the Topologically Massive Bimetric Gravity
(TMBG) theory will turn out to be much more constrained than its correspond-
ing bimetric version. It was noted in the last section, that under PBA, the
background metrics were related by a constant factor of ρ2. In TMBG, the pres-
ence of CS terms will completely fix the ρ factor. The allowed values of this ρ
factor will turn out to be 0,±1. This is an interesting outcome in the TMBG
theory.
All the ingredients for the setup of this theory are completely in hand. The
analysis will closely follow the presentation of the preceding section. In this
extension, the geometric part of the action for each metric will be deformed
by another term which is the Chern-Simons term. Since a term of this kind is
only available in 3 dimensions, the following analysis is done explicitly in 2+1
dimensions.
5.3.1 Action
The bimetric lagrangian in 2+1 d was(set d=3 in eq(5 – 1)):
Lbi = mg
√
|g|Rg +mf
√
|f |R˜f + 2m3
√
|g|V (X; βn) (5 – 41)
To this lagrangian a CS mass term is added. The lagrangian governing TMBG
becomes:
LTMBG = Lg + Lf + Lint
where:
Lg = mg
(√|g|Rg + 1
2µg
Lcs−g
)
Lf = mf
(√|f |R˜f + 1
2µf
Lcs−f
)
Lint = 2m3
√
|g|V (X; βn)
(5 – 42)
The CS pieces are:
Lcs−g = αβµ Γναδ
(
∂βΓ
δ
µν +
2
3
ΓδβκΓ
κ
µν
)
Lcs−f = αβµ Γ˜ναδ
(
∂βΓ˜
δ
µν +
2
3
Γ˜δβκΓ˜
κ
µν
) (5 – 43)
Here, µg and µf appear as parameters or inverse-levels for the Chern-Simons
terms. Γναδ is the standard christoffel symbol, and the rest has already been
explained. For further, convenience the ratios of Planck masses and the mass
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scale m are defined:
M2 =
m3
mg
α =
mf
mg
(5 – 44)
To analyze the theory governed by this lagrangian: First, the complete non-
linear eoms are derived. The parameter space for this theory to allow Minkowski
background as solutions are derived by using Proportional Background Ansatz
(PBA). This ansatz along with the flat space solutions will lead to some interesting
conditions on the parameter space for this theory. Next perturbations in this non-
linear theory are studied. This will allow the mass-eigenstates of the theory to
be investigated. On perturbing the metric, and plugging it back into TMBG
lagrangian, the action governing the dynamics of these perturbations is arrived
at. Finally, on diagonalizing this system the nature of gravitons excited in this
theory becomes clear.
5.3.2 Non-linear EOMs
The variation of the action with respect to the metrics gµν and fµν is given by:
δ(Lg) = mg
√
|g|( Gµν + 1
µg
Cµν
)
δgµν
δ(Lf ) = mf
√
|f | (G˜µν + 1
µf
C˜µν
)
δfµν
δ(
√
|g|V ) =
√
|g| V gµν δgµν
=
√
|f | V fµν δfµν
(5 – 45)
Here, Cµν is the Cotton Tensor, introduced in section 4.5. This tensor plays
the role of Weyl tensor in 2+1 dimensions (since the latter vanishes identically).
Cotton tensor is defined as:
Cµν =
1√|g| µαβ ∇α Sνβ (5 – 46)
where Sµν is the Schouten tensor (a combination of Ricci Tensor and Ricci Scalar)
given by (for 2+1 dimensions):
Sµν = Rµν − 1
4
gµνR (5 – 47)
The Cotton tensor C˜µν and the Schouten tensor S˜µν for the metric fµν are defined
in an obvious analogous manner. With these definitions, the non-linear eom are
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given by:
for metric gµν : Gµν +
1
ug
Cµν + M
2V gµν = 0
for metric fµν : G˜µν +
1
uf
C˜µν +
M2
α
V fµν = 0
(5 – 48)
On comparing these equations with the eom obtained for TMG theory (eq(4 – 61)),
it is seen that for each of the metric: (a) the geometric part is modified by the
presence of the CS term and (b) there is an interaction given by the interaction
potentials V gµν and V
f
µν . Note: that the potentials are the same as in eq(5 – 11).
5.3.3 Gauge Symmetry
The TMBG lagrangian enjoys, essentially, the same gauge symmetry as in bimet-
ric theory. This is because the CS-term upon gauge transformations are gauge
invariant upto total-derivatives. The dynamics of the theory will not be affected
by such surface terms. The dofs present in the theory can, therefore be counted
by the same means as before.
There are two copies of TMG to begin with, which implies two dof. The two
metric also interact via the square-root matrix X in the interaction term. The
overall effect of this interaction in bimetric theory was to generate 2 dofs in 2+1
dimensions. These 2 dofs were seen through perturbations to be excited via a FP
mass term. Thus, in total this theory should have 4 dofs. Following the same dof
counting as in the bimetric theory, the number of dof being 4 can be seen as a
direct increase coming from the presence of two CS terms.
5.3.4 Parameter Space for Minkowski Solutions
To start discussing the parameter space for Minkowski solutions, the PBA ansatz
is necessary. This ansatz is given in eq(5 – 17) and reproduced here.
fµν = ρ
2gµν (5 – 49)
Most of its implications have already been discussed in detail in section 5.2.5.
Hence, here only the key points are collected.
1. Since the Cotton tensor is also divergence-less, Bianchi on the eom implies
that the ρ parameter is a constant in this theory.
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2. Just as G˜µν = Gµν , there is also a relation for the Schouten tensors:
S˜µν = Sµν
Yet, due to the presence of
√|g| in the definition of Cµν , The Cotton tensors
for each metric are related by:
C˜µν =
1
ρd
Cµν (5 – 50)
3. Collecting the above implications, the EOM for topologically massive bi-
metric gravity with PBA becomes:
for metric gµν : Gµν +
1
µg
Cµν + Λg gµν = 0
for metric fµν : Gµν +
1
µfρ3
Cµν + Λf gµν = 0
(5 – 51)
where:
Λg = M
2 (β0 + 2β1 ρ + β2 ρ
2 )
Λf =
M2
αρ
(β1 ρ + 2β2 ρ
2 + β3 ρ
3 )
As before, the contribution coming from the interaction between the two
metrics has turned into a cosmological constant for both the metrics. The
coefficients in this constant measure the strength of coupling between the
two metrics.
4. For the consistency of the PBA ansatz, the following is required (from
subtracting the two eoms):
0 = Cµν
(
1
µg
− 1
µfρ3
)
+ gµν
(
Λg − Λf
)
(5 – 52)
This equation is drastically different (compare with eq(5 – 27)). This equa-
tion will in general hold only if both the expressions in the parentheses are
identically zero. This gives the following conditions:
(a)
µf =
µg
ρ3
(5 – 53)
This means that the two Chern-Simons terms for metric gµν and fµν
are strongly related due to the PBA ansatz. If one tries to remove one
of the C-S terms from the lagrangian in eq(5 – 42) by setting µf →∞
(for finite ρ), then the other C-S term automatically gets dropped out
as well.
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(b)
Λg = Λf (5 – 54)
This condition is the same as in eq(5 – 25) arising as a constraint from
applying PBA. This can be used to fix the parameter β3 as:
β3 = −β1 − β0α
2 + 2β2ρ− 2β1α2ρ− β2α2ρ2
ρ2
(5 – 55)
5. Finally, the minkowski metric will be a solution if:
Λg = Λf = 0 (5 – 56)
This is used to eliminate β0 as:
β0 = −2β1ρ− β2ρ2 (5 – 57)
In total, three conditions have emerged out of demanding that TMBG allows
minkowski backgrounds under PBS. Two of them are exactly the same as in the
case of bimetric theory. The third condition is new and unique to TMBG. For
later convenience, these are summarized below:
µf =
µg
ρ3
β3 = −β1 − β0α
2 + 2β2ρ− 2β1α2ρ− β2α2ρ2
ρ2
β0 = −2β1ρ− β2ρ2
(5 – 58)
5.3.5 Perturbations in TMBG
It has now been confirmed that under a restricted parameter space, TMBG allows
flat background solution. To understand the nature of excitations present in this
theory, it is important to look at its linearized behaviour. For this, perturbations
to both metrics are defined (same as eq(5 – 30), reproduced here for convenience):
fµν = f¯µν + λδfµν
gµν =
1
ρ2
(g¯µν + λδgµν)
(5 – 59)
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The result of expanding the TMBG lagrangian for these linear perturbations
gives:
Lf√|η| = mf
(
λ0(0) + λ1(. . . ) +
λ2
4
(Lkinetic spin-2(δfµν) + 1
2µf
Lcs (δfµν)
) )
Lg√|η| = (mgρ )
(
λ0(0) + λ1(. . . ) +
λ2
4
(Lkinetic spin-2(δgµν) + ρ3
2µf
Lcs (δgµν)
))
Lint√|η| = (mρ )3λ2
(
v1(δg
µνδgµν) + v2(δg
′δg′) + v3(δfµνδfµν) + v4(δf ′δf ′)
+ v5(δg
µνδfµν) + v6(δg
′δf ′)
)
(5 – 60)
And the parameters vi satisfy:
v1 = −v2 = v3 = −v4 = −2v5 = 2v6 = n3 = β1ρ+ β2ρ2 (5 – 61)
As before, the presence of mixed terms in the interaction lagrangian points
towards a need to diagonalize this lagrangian. Linear combinations of the metric
perturbations are defined.
δgµν = a1 φµν + a2 ψµν
δfµν = a3 φµν + a4 ψµν
(5 – 62)
Plugging these field redefinitions into the lagrangian, and demanding that the dy-
namics of field φ and ψ are completely decoupled leads to the following conditions.
(A choice has been made to make the φαβ field gain the FP mass.)
a2 = a4
a3 = − a1
αρ
µf =
µg
ρ
(5 – 63)
The first two conditions are the same as for bimetric theory. The last of these
conditions, is a new peculiar condition. It comes from demanding that the per-
turbations decouple from parity odd terms as well. Together with the constraints
from PBA eq(5 – 58), this equation completely fixes the ρ parameter as −1, 0,+1.
Finally, the completely diagonalized TMG-bimetric lagrangian becomes (keep-
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ing ρ explicit):
L(2)TMBG = Lφ + Lψ
Lφ = σφ
(
Lkinetic spin-2(φµν) +m2fp(φ2 − φ′2) +
ρ
2µg
Lcs(φµν)
)
Lψ = σψ
(
Lkinetic spin-2(ψµν) + ρ
2µg
Lcs(ψµν)
)
where:
σφ =
mg
ρ
(1 + (αρ)−1)
σψ =
mg
ρ
(1 + (αρ))
(5 – 64)
The lagrangians for the two fields are now completely decoupled. It is seen that
both fields have obtained a CS mass which is exactly the same. This happened
when the two perturbations were being decoupled. Next, one of the field has
obtained a mass term. This FP mass is given by:
m2fp =
M2
ρ2
n3(1 + (αρ)
−1) (5 – 65)
5.3.6 Mass Spectrum of TMBG
The more startling issue with TMBG as opposed to any of the theories presented
in this thesis so far, is that the two mass-generating mechanisms mixed the masses
of each perturbation at the non-linear stage itself. This shows in the fact that
when the perturbations are diagonalized the FP mass comes out to be dependent
on ρ. This factor of ρ, in turn, was completely determined by the CS sector of
the theory. Thus, the CS mass-generating mechanism, in a sense has governed
the FP mass of the theory. The requirements of consistency, flat backgrounds
and decoupled dynamics have forced the ρ parameter to take only three possible
values. This dictates the physics which is analyzed below:
1. For ρ = +1: This is equivalent to setting all components of the two
background-metrics as equal. Although the backgrounds are identified,
there seem to be two separate fluctuations which have their own separate
dynamics and are governed by two different Lagrangians:
σφ =
mg(mg +mf )
mf
σψ = (mg +mf )
m2fp =
m3(mg +mf )(β1 + β2)
mfmg
(5 – 66)
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2. For ρ = −1: Since PBA relates the two backgrounds with ρ2, this case is
similar to the one before. The backgrounds for each metric are identified
again. However, the parameters controlling the theory are different:
σφ =
mg(mg −mf )
mf
σψ = (−mg +mf )
m2fp =
m3(−mg +mf )(−β1 + β2)
mfmg
(5 – 67)
3. For ρ = 0: This case is a rather different case than the ones above. It is
equivalent to putting the background for the second metric to 0. Putting
this condition in the expressions of the parameters σφ, σψ and the FP mass
mfp, shows that they diverge. Since it is unclear how to make sense of the
parameters this way, one alternative is to track the effect of setting ρ → 0
from early on. The ingredients that went into obtaining this particular value
of ρ are PBA, demand for flat solutions and consistency of background eoms.
It can be noted that setting ρ = 0, will seriously violate the basic input of
PBA and all other equations derived from it. In the literature, it has been
strongly suggested that away from PBA, fluctuations in the bimetric theory
do not generally have an FP mass term with the correct tuning [65]. The
analysis of bimetric theories without PBA gets further complicated because
the matrix X does not have a simple expansion. Thus, it seems that the
only viable choices are ρ = ±1.
Finally, the mass-spectrum excited by TMBG theory can be seen as follows:
The lagrangian for the field φ is the same lagrangian for a FPCS theory. This
theory was studied in the last chapter. It is therefore known that this perturbation
will have two excitations. These excitations will carry a mixed mass. The mass-
mixing and the propagators for this theory were already detailed when FPCS
theory was studied.
The other perturbative field ψ is governed by a TMG lagrangian. From the
studied of TMG lagrangian, it becomes clear that this field has one massive scalar
dof. The propagator for this field was also calculated when TMG was studied.
In total, the theory of TMBG seems to propagate 3 massive dof. A dof counting
presented before suggested there should be 4 dof in this theory. It is seen that
the ansatz of proportional backgrounds was too restrictive and it eliminated the
fourth degree of freedom. Also, the proportionality constant was completely
fixed due to the demand of decoupling the dynamics of the perturbation from the
lagrangian. There may exist possibilities to diagonalize this lagrangian in other
ways. Additionally, it remains to be seen what the effects of different signs (±1)
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for the EH part of each action will give rise to. One should also look into the
possibility of deforming this theory with only one CS term. These possibilities
are being looked into, by the author.
In summary, the TMBG theory which can be viewed as an extension of the
bimetric theory in 2+1 dimensions was studied. The setup included deforming the
lagrangian of each metric with a CS term. The non-linear eom for this theory were
derived. The contribution from the non-linear interaction appeared as interaction
potentials in these eoms. For the version of the TMBG theory studied, the absence
of Boulware-Deser ghost from the mass spectrum is confirmed.
To understand the massive nature of the excitations in this theory, the lin-
earized approximation was necessary. To this end, the parameter space for the
theory which allows for Minkowski solutions under PBA was derived. At this
point, in contrast to bimetric gravity in 2+1 dimensions, a new condition emerged
for the consistency of the non-linear eoms. Next, the perturbations in this the-
ory were defined and the lagrangian governing their dynamics was calculated.
This lagrangian included mixed terms, and on diagonalizing this lagrangian a
new condition emerged. This condition completely fixed the allowed values of the
proportionality constant ρ as 0,±1.
The theory was then considered under all the allowed values for ρ, and it was
found that ρ = 0 was not in conformity with the PBA ansatz. The Planck masses
and the FP mass for the perturbations for both ρ = ±1 theory was evaluated.
Both of these theories give rise to 3 massive propagating dof. Using the insights
gained from earlier studies, it is clear that there are 3 massive modes and they
have been mixed in the TMBG theory in an interesting manner.
Chapter 6
Quantum Loop Corrections
“Like the silicon chip of more
recent years, the Feynman
diagram was bringing
computation to the masses.”
Julian Schwinger
In this chapter, quantum loop corrections from minimally coupled photons to
the graviton propagator in 2+1 dimensions is calculated. There are some related
calculations on this topic in the literature. In early 1974, Capper et. al. cal-
culated the corrections to the graviton propagator from photons[66]. After the
discovery of gauge theories with topological masses in early 1980s many interest-
ing calculations with the topological effects were carried out [21, 22]. In 1986,
van der Bij et. al. calculated the induced CS term for gravity from fermions and
topologically massive photons[24]. Lerda et. al. calculated the induced CS cor-
rections from gravitons to Yang-Mills theory in 1987. Similar calculations were
carried out by Ojima in 1988 using path-integral approach[67]. Considering a
self-dual model for photons, Yang calculated the induced CS terms for gravity
in 1990 [68]. In 1994, Pinheiro et. al. calculated the photon self-energy from
topologically massive gravity1.
Having studied the nature of photons which obtain their mass from both Proca
mass term and a CS mass term, here a calculation of the graviton propagator
correction from such photon is presented. Since, the primary interest for doing
this calculation is to look into the induced CS masses of the theory, only the parity
odd parts are evaluated here. In the section that follows, the theory describing
interactions between minimally coupled photons and gravity is discussed. The
1This is of course not a comprehensive historical review of such calculations.
113
114 Chapter 6. Quantum Loop Corrections
propagators for such photons were already calculated, and are listed here. Then,
the vertex functions necessary for this calculation are derived. Finally, the bubble
loop is evaluated and the results discussed.
6.1 Minimally Coupled Photons to Gravity
The theory describing the interaction of photons with gravitons is obtained by
minimally coupling the spin-1 gauge field in the PCS lagrangian which was given
in eq(3 – 33). This lagrangian becomes:
LPCS = σA
(
Lkinetic + m
2
A
2
Lproca + µA
2
Lcs
)
where:
Lkinetic = −1
4
√
|g| Fab Fcd gac gbd
Lproca =
√
|g| Aa Ab gab
Lcs = µναAµ ∂ν Aα
(6 – 1)
Here, Aa is a photon field which has both a Proca mass mA and a CS mass
µA. Fab denotes the electromagnetic field strength tensor, and g
ab is the inverse
of the metric2. The metric is now expanded as follows:
gab = g¯ab + λ δgab (6 – 2)
This allows the Lagrangian above to be expanded as follows (schematically):
LPCS = L(0)PCS + λ L(1)PCS +
λ2
4
L(2)PCS +O(λ4) (6 – 3)
The lagrangian at 0th-order will provide the propagation of the spin-1 field. The
higher-order terms describe the interactions. These are dealt with separately.
2Letters of the alphabet are used to denote indices for convenience only.
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6.1.1 Propagators
The propagator for the above lagrangian was already calculated in section 3.4.
This propagator is reproduced here:
GµνPCS =
−1
σ1
1
f1 + f2
(
Y µν1
k2 − f 21
+
Y µν2
k2 − f 22
)
where:
Y µν1 = f1
(
ηµν − k
µkν
f 21
+
i
f1
µνρkρ
)
Y µν2 = f2
(
ηµν − k
µkν
f 22
− i
f2
µνρkρ
)
(6 – 4)
Here, the mixed masses f1 and f2 are given by:
f1 =
1
2
(√
µ2A + 4m
2
A + µA
)
f2 =
1
2
(√
µ2A + 4m
2
A − µA
) (6 – 5)
6.1.2 Vertex Functions
The higher order terms from the Lagrangian contribute to the vertex functions.
Since the CS mass term is independent of the metric it will not contribute to
vertex functions. In total, there will be a contribution from both the kinetic term
and the Proca mass term. These give (for all momenta flowing into the vertex):
1. From kinetic term at first order (p and r are photon momenta, and k is
graviton momenta)
V 3kinabcd(k, p, r) =
σAλ
4
(
− ηcd pb ra − ηcd pa rb + ηbd pa rc + ηad pb rc
− ηab pd rc + ηbc pa rd + ηac pb rd
+ p · r(−ηad ηbc − ηac ηbd + ηab ηcd )
) (6 – 6)
2. From Proca mass term at first order
V 3Procaabcd (k, p, r) =
σAλm
2
A
4
(
− ηadηbc − ηacηbd + ηabηcd
)
(6 – 7)
The vertices coming from the Proca and kinetic term at second order have been
calculated. Their expression is given in Appendix C.
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6.2 The Bubble Loop
Their are three diagrams which contribute to quantum loop corrections at the
one-loop order. These three are: (a) Tadpole Diagram, (b) Bubble Diagram,
and (c) Seagull Diagram. Since the results obtained from the Tadpole and the
Seagull diagrams are still under being analysed, only the calculation of the bubble
diagram is detailed.
The bubble diagrams can be depicted as:
δga1b1
p
k
k + pδga2b2
p
The amplitude is given by:
iMa1b1a2b2 = Ns
∫
d3k
(2pi)3
(iV 1a1b1c1c2) (iG
d2c2) (iV 2a2b2d1d2) (iG
c1d1) (6 – 8)
Since the calculation is rather tedious, only two key points are discussed. The
first main issue is to reduce higher powers of the loop momenta in the numer-
ator through algebraic reductions. The next main input comes from Veltman-
Passarino reduction. These reduction identities relate the open indices present
inside the loop integral to scalars which can then be reduced to standard integrals.
The evaluation of the parity odd part gives the following form-factor:
iMa1b1a2b2 =
1
16
f1
A0(f1)
p2
(CS-term)
− 1
16
f2
A0(f2)
p2
(CS-term)
+
1
8
f 31
B0(p, f1, f2)
p2
(CS-term)
− 1
8
f 32
B0(p, f1, f2)
p2
(CS-term)
− 1
32
f1B0(p, f1, f2)(CS-term)
+
1
32
f2B0(p, f1, f2)(CS-term)
(6 – 9)
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Here, the CS-term stands for the parity odd part. This is equal to:
CS-term = p2X6a1b1a2b2 −X7a1b1a2b2 (6 – 10)
As before, the tensors X ia1b1a2b2 are listed in Appendix A. This form factor clearly
shows that photons in 2+1 dimensions are inducing a CS term for gravitons.
The evaluation of the remaining integrals can be done through standard dimreg
integrals. There have been some other calculations for different loops which have
been done by the author, but since those results are still under analysis, they are
not included here.

Chapter 7
Discussion and Outlook
In this thesis, various theories of massive gravity were pursued. A short summary
of the work presented in this thesis is now described:
• First of all, the motivations for undertaking this study were discussed at
length. Outstanding theoretical challenges in formulating Quantum Grav-
ity, understanding the origin of Dark Matter and the Cosmological Constant
Problem serve as some of the problems which invites researchers to look at
IR modifications of gravity. Formulating a non-linear consistent theory of
Massive Gravity proved to be a difficult technical challenge.
• The Higher Spin gauge field formulation was discussed. From group-theoretic
arguments alone important details of 2+1 dimensional physics could be de-
rived. Massless spin-1 fields were found to be equivalent to scalars and all
massless fields of HS were seen to not have any physically propagating dof.
This was verified by counting the dofs for both massive and massless fields
of arbitrary spin-s in arbitrary dimensions-d. A Chern-Simons term for HS
fields was conjectured, and has been explicitly verified upto spin-2 in this
thesis.
• The analysis of spin-1 fields served as an important playground to look at
topological effects. Massless photons and the Proca theory of massive pho-
tons has been known for a long time. The theory of Topologically Massive
Electrodynamics was presented. Additionally, a theory of photons in which
both mass mechanisms are present was studied. When both of these mass
mechanisms are present, the theory propagates 2 massive dof. The masses
of these dof had contributions from both Proca and CS mass. This was
indeed confirmed by performing a Stu¨ckelberg analysis.
• The theory of spin-2 fields such as those coming from General Relativity and
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due to Fierz-Pauli were studied in detail. The massive spin-2 fields in FP
theory suffered from the vDVZ discontinuity and required tuned coefficients
to avoid Boulware-Deser ghost. Topologically Massive Gravity is a theory
of gravity which allows gravitons to obtain mass from topological effects
and is a unique possibility for 2+1 dimensions. A theory in which gravitons
obtain mass from both FP mass terms and CS mass terms was setup. This
theory had 3 propagating dof which on further Stu¨ckelberg analysis were
resolved into 2 dof excited by the FP mass term and 1 dof coming from
the CS mass term. Since, the poles of this theory are not ghost-free for
arbitrary parameters, this theory was deemed unsuitable.
• The bimetric theory of gravitation was presented in detail. In hopes to ob-
tain a healthy theory of gravity, in which gravitons were massive from both
the FP and the CS mechanism - a Topologically Massive Bimetric theory of
gravity was developed. This theory seemed to have many differences from
the bimetric gravity in 2+1 dimensions. A Stu¨ckelberg analysis was carried
out and it was found that this theory excites 3 massive modes.
• The quantum loop corrections to graviton propagator from photons, which
had a mass coming from both CS mass and Proca mass was calculated.
Although, 2+1 dimensions and massive gravity are both, seemingly, out of
experimental reach the theoretical studies of this domain is well warranted. There
are several important and necessary directions which emerge from this work. As
it usually is with time, many of these could not be pursued and presented in this
thesis. Some of the possibilities for future works are: (a) A CS term for HS fields
was proposed. This term was verified for fields of spin-1 and spin-2. Preliminary
calculations show that it seems to work for spin-2 fields as well (not presented
here). This could motivate a study into the topological origins of this term. (b)
The theory of TMBG is new and promises many unexplored chapters. Some of
these explorations could look at the blackhole solutions allowed by this theory (in
2+1 dimensions), the mediated gravitational interactions, and loop corrections
coming from massive gravitons. Some of these aspects are already being looked
into by the author.
For the author, working on this thesis has been a learning experience which
was filled with excitement and various kinds of challenges. While many of the
calculations that went in this thesis are done on paper by-hand, some others
would not have been possible without the use of computer packages. The package
xAct proved to be very helpful for doing routine tensor manipulations [69]. The
program FORM was extensively used to perform the loop calculations [64]. Both
of these programs are gratefully acknowledged.
Appendix A
Tensors Xµναβi are defined as:
Xµναβ1 = η
ανηβµ + ηαµηβν
Xµναβ2 = η
αβηµν
Xµναβ3 = k
βkνηαµ + kβkµηαν + kαkνηβµ + kαkµηβν
Xµναβ4 = k
µkνηαβ + kαkβηµν
Xµναβ5 = k
αkβkµkν
Xµναβ6 = kσ(
σµαηνβ + σµβηνα + (µ↔ ν))
Xµναβ7 = kσ(
σµαkνkβ + σµβkνkα + (µ↔ ν))
(A – 1)
Propagator for φµνin FPCS theory The propagator is:
Gµναβ =
Y µναβ1
k2 − f1 +
Y µναβ2
k2 − f2 +
Y µναβ3
k2 − f3 (A – 2)
where:
Y µναβ1 =
(−2f 21 + f2f3 − f1(f2 + f3))
2(f1 − f2)(f1 − f3) X
µναβ
1
+
(
2f 21 − f2f3 + f1(f2 + f3)
)
2(f1 − f2)(f1 − f3) X
µναβ
2
+
(
f 21 (f2 + f3)− f2f3(f2 + f3) + f1(f 22 + f2f3 + f 23 )
)
(f1 − f2)(f1 − f3)
(
f2f3 + f1(f2 + f3)
) Xµναβ3
+
(−f 21 (f2 + f3) + f2f3(f2 + f3)− f1(f 22 + f2f3 + f 23 ))
(f1 − f2)(f1 − f3)
(
f2f3 + f1(f2 + f3)
) Xµναβ4
− 2
(−f2f3(f2 + f3)2 + f 21 (f 22 + f 23 ) + f1(f 32 + f 33 ))
(f1 − f2)(f1 − f3)
(
f2f3 + f1(f2 + f3)
)2 Xµναβ5
+
i
√
f1 + f2 + f3
2(f1 − f2)(f1 − f3)(f1X
µναβ
6 −Xµναβ7 )
(A – 3)
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and
Y µναβ2 =
(
f1(f2 − f3) + f2(2f2 + f3)
)
2(f1 − f2)(f2 − f3) X
µναβ
1
+
(−f1(f2 − f3)− f2(2f2 + f3))
2(f1 − f2)(f2 − f3) X
µναβ
2
+
(−f 21 (f2 − f3)− f2f3(f2 + f3)− f1(f 22 + f2f3 − f 23 ))
(f1 − f2)(f2 − f3)
(
f2f3 + f1(f2 + f3)
) Xµναβ3
+
(
f 21 (f2 − f3) + f2f3(f2 + f3) + f1(f 22 + f2f3 − f 23 )
)
(f1 − f2)(f2 − f3)
(
f2f3 + f1(f2 + f3)
) Xµναβ4
+ 2
(−f1f 33 + f 31 (f2 − f3)− f2f 23 (f2 + f3) + f 21 (f 22 − 2f 23 ))
(f1 − f2)(f2 − f3)
(
f2f3 + f1(f2 + f3)
)2 Xµναβ5
− i
√
f1 + f2 + f3
2(f1 − f2)(f2 − f3)(f2X
µναβ
6 −Xµναβ7 )
(A – 4)
and, finally
Y µναβ3 =
(
f1(−f2 + f3) + f3(f2 + 2f3)
)
2(f1 − f3)(−f2 + f3) X
µναβ
1
−
(
f1(−f2 + f3) + f3(f2 + 2f3)
)
2(f1 − f3)(−f2 + f3) X
µναβ
2
+
(
f 21 (f2 − f3)− f2f3(f2 + f3) + f1(f 22 − f2f3 − f 23 )
)
(f1 − f3)(−f2 + f3)
(
f2f3 + f1(f2 + f3)
) Xµναβ3
+
(
f 21 (−f2 + f3) + f2f3(f2 + f3)− f1(f 22 − f2f3 − f 23 )
)
(f1 − f3)(−f2 + f3)
(
f2f3 + f1(f2 + f3)
) Xµναβ4
+ 2
(−f1f 32 + f 31 (−f2 + f3) + f 22 f3(f2 + f3)− f 21 (2f 22 − f 23 ))
(f1 − f3)(−f2 + f3)
(
f2f3 + f1(f2 + f3)
)2 Xµναβ5
− i
√
f1 + f2 + f3
2(f1 − f3)(−f2 + f3)(f3X
µναβ
6 −Xµναβ7 )
(A – 5)
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Propagator for ψµν in FPCS The propagator is given by:
Gµναβψµν =
Zµναβ1
k2 − f1 +
Zµναβ2
k2 − f2 +
Zµναβ3
k2 − f3 +
Zµναβ4
k2 − 2f1f2f3
f1f2+f2f3+f1f3
(A – 6)
where:
Zµναβ1 =
(−2f 21 + f2f3 − f1(f2 + f3))
2(f1 − f2)(f1 − f3) X
µναβ
1
+
(
2f 41 + f
2
1 (f2 − f3)2 + f 22 f 23 + 2f 31 (f2 + f3)− 2f1f2f3(f2 + f3)
)
(f1 − f2)(f1 − f3)
(
2f 21 − f2f3 + f1(f2 + f3)
) Xµναβ2
+
2f 21 (f1 + f2 + f3)
(f1 − f2)(f1 − f3)
(
2f 21 − f2f3 + f1(f2 + f3)
)Xµναβ3
− 2f
2
1 (f1 + f2 + f3)
(f1 − f2)(f1 − f3)
(
2f 21 − f2f3 + f1(f2 + f3)
)Xµναβ4
− 2f1(f1 + f2 + f3)
(f1 − f2)(f1 − f3)
(
2f 21 − f2f3 + f1(f2 + f3)
)Xµναβ5
+
i
√
f1 + f2 + f3
2(f1 − f2)(f1 − f3)(f1X
µναβ
6 −Xµναβ7 )
(A – 7)
Zµναβ2 =
(
f1(f2 − f3) + f2(2f2 + f3)
)
2(f1 − f2)(f2 − f3) X
µναβ
1
−
(
f 21 (f2 − f3)2 − 2f1f2(−f 22 + f2f3 + f 23 ) + f 22 (2f 22 + 2f2f3 + f 23 )
)
(f1 − f2)(f2 − f3)
(
f1(f2 − f3) + f2(2f2 + f3)
) Xµναβ2
− 2f
2
2 (f1 + f2 + f3)
(f1 − f2)(f2 − f3)
(
f1(f2 − f3) + f2(2f2 + f3)
)Xµναβ3
+
2f 22 (f1 + f2 + f3)
(f1 − f2)(f2 − f3)
(
f1(f2 − f3) + f2(2f2 + f3)
)Xµναβ4
+
2f2(f1 + f2 + f3)
(f1 − f2)(f2 − f3)
(
f1(f2 − f3) + f2(2f2 + f3)
)Xµναβ5
− i
√
f1 + f2 + f3
2(f1 − f2)(f2 − f3)(f2X
µναβ
6 −Xµναβ7 )
(A – 8)
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Zµναβ3 =
(
f1(−f2 + f3) + f3(f2 + 2f3)
)
2(f1 − f3)(−f2 + f3) X
µναβ
1
−
(
f 21 (f2 − f3)2 − 2f1f3(f 22 + f2f3 − f 23 ) + f 23 (f 22 + 2f2f3 + 2f 23 )
)
(f1 − f3)(−f2 + f3)
(
f1(−f2 + f3) + f3(f2 + 2f3)
) Xµναβ2
− 2f3
2(f1 + f2 + f3)
(f1 − f3)(−f2 + f3)
(
f1(−f2 + f3) + f3(f2 + 2f3)
)Xµναβ3
+
2f 23 (f1 + f2 + f3)
(f1 − f3)(−f2 + f3)
(
f1(−f2 + f3) + f3(f2 + 2f3)
)Xµναβ4
+
2f3(f1 + f2 + f3)
(f1 − f3)(−f2 + f3)
(
f1(−f2 + f3) + f3(f2 + 2f3)
)Xµναβ5
− i
√
f1 + f2 + f3
2(f1 − f3)(−f2 + f3)(f3X
µναβ
6 −Xµναβ7 )
(A – 9)
Zµναβ4 = −
(
f2f3 + f1(f2 + f3)
)3
Xµναβ2(
2f 21 − f2f3 + f1(f2 + f3)
)(
f1(f2 − f3) + f2(2f2 + f3)
)(
f1(f2 − f3)− f3(f2 + 2f3)
)
+
2(f1 + f2 + f3)
(
f2f3 + f1(f2 + f3)
)2
Xµναβ3(
2f 21 − f2f3 + f1(f2 + f3)
)(
f1(f2 − f3) + f2(2f2 + f3)
)(
f1(f2 − f3)− f3(f2 + 2f3)
)
− 2(f1 + f2 + f3)
(
f2f3 + f1(f2 + f3)
)2
Xµναβ4(
2f 21 − f2f3 + f1(f2 + f3)
)(
f1(f2 − f3) + f2(2f2 + f3)
)(
f1(f2 − f3)− f3(f2 + 2f3)
)
− 4(f1 + f2 + f3)
2
(
f2f3 + f1(f2 + f3)
)
Xµναβ5(
2f 21 − f2f3 + f1(f2 + f3)
)(
f1(f2 − f3) + f2(2f2 + f3)
)(
f1(f2 − f3)− f3(f2 + 2f3)
)
(A – 10)
Appendix B
Some important identities used for the bimetric theory and the TMBG theory
are:
Tr(δXn) = nTr(Xn−1δX) (A – 11)
Tr(Xk−1 δX) =
1
2
Tr(Xk−2 δX2) (A – 12)
The coefficients vi in bimetric gravity obtained on expansion of the interaction
term are:
v1 = −12β0 + 34β1ρ− 12β1dρ− β2ρ2 + β2dρ2
− 1
4
β2d
2ρ2 + 5
4
β3ρ
3 − 37
24
β3dρ
3 + 5
8
β3d
2ρ3 − 1
12
β3d
3ρ3
− 3
2
β4ρ
4 + 17
8
β4dρ
4 − 53
48
β4d
2ρ4 + 1
4
β4d
3ρ4 − 1
48
β4d
4ρ4;
(A – 13)
v2 =
1
4
β0 − 12β1ρ+ 14β1dρ+ 34β2ρ2 − 58β2dρ2
+ 1
8
β2d
2ρ2 − β3ρ3 + 1312β3dρ3 − 38β3d2ρ3 + 124β3d3ρ3
+ 5
4
β4ρ
4 − 77
48
β4dρ
4 + 71
96
β4d
2ρ4 − 7
48
β4d
3ρ4 + 1
96
β4d
4ρ4
(A – 14)
v3 = −14β1ρ− 14β2dρ2 + 14β3ρ3 + 18β3dρ3 − 18β3d2ρ3
− 1
2
β4ρ
4 + 1
6
β4dρ
4 + 1
8
β4d
2ρ4 − 1
24
β4d
3ρ4
(A – 15)
v4 =
1
4
β2ρ
2 − 1
2
β3ρ
3 + 1
4
β3dρ
3
+ 3
4
β4ρ
4 − 5
8
β4dρ
4 + 1
8
β4d
2ρ4
(A – 16)
v5 = −12β1ρ+ β2ρ2 − 12β2dρ2 − 32β3ρ3 + 54β3dρ3
− 1
4
β3d
2ρ3 + 2β4ρ
4 − 13
6
β4dρ
4 + 3
4
β4d
2ρ4 − 1
12
β4d
3ρ4
(A – 17)
v6 =
1
2
β1ρ− β2ρ2 + 12β2dρ2 + 32β3ρ3 − 54β3dρ3
+ 1
4
β3d
2ρ3 − 2β4ρ4 + 136 β4dρ4 − 34β4d2ρ4 + 112β4d3ρ4
(A – 18)
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Appendix C
The vertex functions coming from second order expansion of the minimally cou-
pled lagrangian is:
V 4kinµναβρσ(k, p, r) = −ηασηβρηµνpara − ηαρηβσηµνpara
+ ηασηβνηµρpar
a + ηανηβσηµρpar
a + ηαρηβνηµσpar
a
+ ηανηβρηµσpar
a + ηασηβµηνρpar
a + ηαµηβσηνρpar
a − ηαβηµσηνρpara
+ ηαρηβµηνσpar
a + ηαµηβρηνσpar
a − ηαβηµρηνσpara
− ηανηβµηρσpara − ηαµηβνηρσpara + ηαβηµνηρσpara
+ ηµσηνρpβrα + ηµρηνσpβrα − ηµνηρσpβrα − 1
2
ηβσηνρpµrα − 1
2
ηβρηνσpµrα
+ ηβνηρσpµrα − 1
2
ηβσηµρpνrα − 1
2
ηβρηµσpνrα + ηβµηρσpνrα + ηµσηνρpαrβ
+ ηµρηνσpαrβ − ηµνηρσpαrβ − 1
2
ηασηνρpµrβ
− 1
2
ηαρηνσpµrβ + ηανηρσpµrβ − 1
2
ηασηµρpνrβ − 1
2
ηαρηµσpνrβ + ηαµηρσpνrβ
− 1
2
ηβσηνρpαrµ − 1
2
ηβρηνσpαrµ + ηβνηρσpαrµ
− 1
2
ηασηνρpβrµ − 1
2
ηαρηνσpβrµ + ηανηρσpβrµ
+ ηασηβρpνrµ + ηαρηβσpνrµ − ηαβηρσpνrµ − 1
2
ηβσηµρpαrν
− 1
2
ηβρηµσpαrν + ηβµηρσpαrν − 1
2
ηασηµρpβrν
− 1
2
ηαρηµσpβrν + ηαµηρσpβrν + ηασηβρpµrν + ηαρηβσpµrν
− ηαβηρσpµrν + ηβσηµνpαrρ − ηβνηµσpαrρ − ηβµηνσpαrρ + ηασηµνpβrρ
− ηανηµσpβrρ − ηαµηνσpβrρ − ηασηβνpµrρ − ηανηβσpµrρ
+ ηαβηνσpµrρ − ηασηβµpνrρ − ηαµηβσpνrρ + ηαβηµσpνrρ + 1
2
ηανηβµpσrρ
+ 1
2
ηαµηβνpσrρ − 1
2
ηαβηµνpσrρ + ηβρηµνpαrσ − ηβνηµρpαrσ − ηβµηνρpαrσ
+ ηαρηµνpβrσ − ηανηµρpβrσ − ηαµηνρpβrσ − ηαρηβνpµrσ
− ηανηβρpµrσ + ηαβηνρpµrσ − ηαρηβµpνrσ − ηαµηβρpνrσ
+ ηαβηµρpνrσ + 1
2
ηανηβµpρrσ + 1
2
ηαµηβνpρrσ − 1
2
ηαβηµνpρrσ
(A – 19)
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V 4Procaµναβρσ(k, p, r) = −m2Aηασηβρηµν −m2Aηαρηβσηµν +m2Aηασηβνηµρ
+m2Aη
ανηβσηµρ +m2Aη
αρηβνηµσ +m2Aη
ανηβρηµσ
+m2Aη
ασηβµηνρ +m2Aη
αµηβσηνρ −m2Aηαβηµσηνρ
+m2Aη
αρηβµηνσ +m2Aη
αµηβρηνσ −m2Aηαβηµρηνσ
−m2Aηανηβµηρσ −m2Aηαµηβνηρσ +m2Aηαβηµνηρσ
(A – 20)
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